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Numerical Approach to Solving a Set of Boundary Value Optimal
Control Problems Based on Hilbert Space with Reproduction Kernel
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Abstract: The area of failure-free operation of a structure is described by a system of linear
inequalities and in the space of loads is a polyhedron. Solving the reliability problem for such
areas is very difficult. For the first time in such a formulation, an analytical solution for the
reliability function was obtained.
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Introduction

This search presents a general method for solving a range of boundary value optimal control
problems based on Hilbert theory of reproduction kernel. The status variable as well as the control
variable are displayed in series. An iterative method is also used to obtain the corresponding
approximate variables, using which we will find the approximate value of the objective function.
Under certain conditions the approximate answer will converge uniformly to the analytical answer.
The present method is a meshless method and can be easily used. Solving a number of problems
with linear and nonlinear dynamic systems have been studied and tested to demonstrate the
efficiency and effectiveness of this method.

The contents of this section are taken from the reference [1].

The method presented in this section is a method based on Hilbert space with a reproduction core.
The theory of Aronszajn reproduction kernel was first proposed by Zaremba in the early twentieth
century.This method is very easy to use and easy to implement.

Hilbert space method with reproduction kernel has been successfully used to solve various
problems, of which we can only refer to using them to solve some ordinary differential
equations[2,3,4], various types of partial differential equations[5,6,7], different types of integral
equations[9,10], some types of inverse problems[8] and even some types of differences
equations[2]. In particular, an iterative method based on Hilbert space with a reproduction nucleus
is proposed to solve differential equations in Sakar [11]. Cui and Lin [12] can be mentioned as a
comprehensive source of Hilbert space-based methods with reproduction kernels to solve.

1- Basic Concepts
In this section, we will introduce some definitions and theorems (without proof)..

Definition 1-1. Suppose Q is Set A H is Hilbert's real space of fun.
Y:00— IR, and also {.,.)is the internal and norm multiplication induced in this space.

1= 4/4.,.).

The function K: () X 1 — IR is called the core function of the reproduction H if the following
conditions are true:
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Definition 1-2 Hilbert real space H of the functions on set ©Q is called a Hilbert space with the
reproduction kernel if a function of the reproduction kernel K of H exists.

Definition 1-3 Suppose Q is a Set A K is a IR fun. of the value on f2 X f2. Let K be fun +. if for
every n € N A every n of the point 7, ..., T,at {2, the definite matrix M = [K(7;, 7)) ] xn I
negative, meaning that

n
vTMv = Z v H(r!-,rj)vj > 0,Vv € R"
i,j=1
v # 0, > K is definitely definite positive.
Theorem 1-4 Suppose H is a space of the Hilbert function on 2 with the kernel of the reproduction

K, —K definite fun.+. If for every n € N and for every set of distinct points T,,, ..., T, in 2, the

corresponding set of evaluation points of the functions is linearly independent H;—K is definitely
definite positive.

Theorem 1-5 (compound trapezoidal integration rule) If y € C?[a, blthen there is a number
like € [a,b];

(b —a)y"(m)

b
f y(t) dt — T(6t) = — 5 (61)°
where in
m—1
ot
T =5 | y() +2 Z y (1) + y(tm)
i=2
So that
(i—1)(b—a)
=a+
I, =4a (m—1)
Form € N.

2- Implementing the Method

we present a numerical-analytical method based on Hilbert space with a reproduction core to solve
a class of optimal boundary value control problems. Objective, to find the optimal control variable

u: ) = R* and the state variable (vector) x:{2 — R that minimize the following objective
function:

] =h(ts)+ f g(t, x(0),u(®)dt, (1)
0

And apply to a dynamic device as follows:

x'(®) = f(t, x(@®,ul®),t €0, (2)
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And also meet the following boundary conditions:
x(t,) = U,x(tf) =0, (3)

Whered € N and 1 = (to,tf). We assume that the vector functions f and the scalar functions

g and h are, in general, nonlinear and continuous derivatives with respect to their argomans.

Sometimes some parts of x(tf) — o0 . This method can also be easily used for dynamic devices of

higher dimensions [examples 2-3 and 3-3], but for convenience we assume here d = 1.

First, we introduce the spaces with the reproduction kernel W (12)and W (2).

Definition 2-1 suppose

W) =vy:01—>R | yy are absolutely continuous functions on 2 and y"
€ L*(D), y(t,) =0, y(t;) =0

The internal and soft induced multiplication corresponding to the space W(12)are defined as

follows:

(v,z),, =e ¥ (t,)z'(t,) + e, fy’ (t)z' (t)dt,y,z € W(2)

n

Yy =V, V), y € W(Q).

Theorem 2-2 W(12) is a Hilbert space with a reproduction kernel and the function of the
reproduction kernel is given as follows:

K.(t) = {

I(t,s), t<s
I(s,t), t>s

Proof: If {y,, (£)}: ,is a Cauchy sequence in W(2), then

lim || VYas+p = Vn ”E‘r’

=lim (61 nap(to) — Valte))® + & f (Vn'sp(t) — :}’é’(ﬂ)zdf) =0
n—>o0 0
So we have
im |y, () —ya () 1=0,
Hm | (ynep(® — 3,/ (0)*dt = 0.
n—co Iy

Which shows that the sequences {v,. () }i=,and {y,." ()}, are the Cauchy sequences in R
and L* (12), respectively. Then E u unique real& function unique Z € L*(12) ;

lim y,(t)=plim [ (/' ® - Z(©)*dt= 0.
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y(t) = u(t —t) + f f lZ(sj dsdt,,

Then
t

y'(@©=p+ f Z(s) ds,y" (1).

ty

So v € W(42) on the other hand, we have y' (t,) = 1 so

n—oo 1— o0

im [y, — v = e lim(y,(t;) — ¥ (t5))* + e,lim f (¥ () —y"(0)*dt
n—oe [,
=elim (y,(t;) —p)? +elim f (yn (0) — Z(t))?dt = 0.
n—oo n—co J,

The result W(£2) a Hilbert space. Now it suffices to prove that the fun. K_(t) € W (12) exists
such that

V@O, KD = y(s),Vs €L} Vy e W(D).
Suppose we have K_(t) € W (£2)then

(v, Ks(D)w = e;y ' (to) 0:K(t) + e, LJ’” (t) OFK,(1) dt

= e,y (t,) 0,K.(t,) + e;y' (L) agf{s&)]z — e, fy’ (t) 92K (t) dt
0
= €,y (t6) 0.K. (1) + €,y" (© K. (D]] — e,y(0) 63K. (D) 1,

+%fﬂﬂﬂﬂ®dt
1
1

= y’(t,:,](el 8.K_(ty,) — e, agf{g&ﬂ)) + e, Z(—ljl—;},(;](tf) 83“'Hg(tf)

i=0

—%fﬂﬂﬂ&mdt
n
Therefore, K_(t) answer to the following generalized differential equation:

1
9tK.(t) = ——é8(t—s),
€2

El atﬁs(tﬂj - 62 ag HSI:ED] == U,
07K, (t;) = 0.

then

Quest: Journal of Geometry, Mathematical and Quantum Physics 61



£\ Vol. 3 Issue 3 | page: 58-69 | e-ISSN: 3064-7282
£* Available online: https://eminentpublishing.us/index.php/quest

( ;K (t) =0,t s
e, 0,K.(t,) —e, 0:K_(t,) =0
0?K(t;) =0
K.(t,) =0

4 K.(t;)=0

lim 9Lk (1) = lim ALK (t),i=10,1,2

lim a2K.(t) =lim 32K (t) = —ig
R t—s e

It can be shown that the answer to this equation is as follows:

{I(t.s].ti:s.
I(s,t),t =s.

Where [ is a function referred to in the theorem.

Obviously, the point evaluations of the functions on W ({2 )are linearly independent because the
space of polynomials is a subset of the space W ({2).

Definition 2-3 suppose
W(Q)=y:2 - R |y’ €L?(2) and Yan absolutely cont. fun.

The induced internal and norm multiplications for W (2)are defined as follows:
(v, 2} = byy(to)z(ty) + b, f}” (D)z' (1) dt,y,z € W ()
0
1y lls=J @)%y € WD) (4)

Theorem 2-4 W(ﬂ)is a Hilbert space with a reproduction kernel and the function of its
reproduction kernel is as follows:

_ I(t,s)t<s
Hs t — {_ ) ) )
2 I(s,t),t > s.
where in
It s) =
(&) byb,

Proof: Similar to the theorem 2-2.

Theorem 2-5 If we assume that the analytical answers (2-2) and (2-3) mean that x belongs to
W(Q)and {r;}:2,is condensed in (1, then

[=a]

©) = ) 6, 6)

j=1

The coefficients cj are calculated by solving the system of semi-infinite equations:
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Ac=e (7)

where in

A= [W’a‘(-)-wj(-Dw]i.jzi.z....-f =[cy ¢y .17,
e = [f(ry,x(mu(ry)) fryx(r2)u(rz)) 1%
Proof: If for any integer nwe have

n
Zajlﬁ)‘j(ﬂ =0,t €0,
j=1
Then from (2-4) it results that

Za}- LK (t) ls=;=0,t €Q,

j=1
since L is (linear operator), we have:

n

L Zajf{s(t] ls=r;= 0,V € Q.

j=1

L is inverse and then we have:

n

Zaj K (0) ls=.;=0,Vt € Q.

j=1
By choosing t=1;, for i=1,..,n we can deduce that a”Ma =0, where
a=[ay,.., a,]Tand M = [K(7;T;)]nxn- Since the nucleus of reproduction K is strictly

positive, we conclude that @ = 0. As a result, ..., 1,1, are linearly independent, and based on

Theorem (2-2), ..., Y-, 1, is a basis for the space W(()). So x € W({))has a representation in
the form (2-5). By placing (2-5) in (2-2) we have:

chLtwj(ﬂ ltme,= f (T x(t ) ulz),i=12,..
j=1
Because

L (0) o=y = (6. (), LeW; () = L3 ()9 ( w = W (), ¥ ( D

And the proof is complete.
If d is linear in equation (2-2) with relative x. In other words, the device (2-6) will be a linear

device and the coefficients {Cj}}”: ,will be calculated by solving this device. Otherwise we have to
create an iterative method to solve the device (2-6) to find the approximate status. For this purpose,
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we consider the order of repetition as 1 and set the initial state variable to x, = 0 based on the
initial conditions. The approximate result of the state variable x is represented as follows:

m

0 = ) 6,0, (8)

j=1
Where the coefficients {cj}}?‘: , are obtained from solving the following device:

m

chatwj::ﬂ leee= F (0 X (T (@) i = 1, .y m, 9)

j=1
Now we have to remember that x,,, (approximate state variable) depends on the unknown values of
ult,,), ..., ulty).

then ], (u(rl], o u(rm)) = h(tf) + T(61), (10)
Where T (8t )is similar to what is presented in Theorem 1-3 with the following conditions:
a =ty b=ty = g(tx, O ul@®). (11)

[, is an approximation of the value of the objective function [, and by minimizing it, the
approximate values of 1u(t,, ), ..., u(T,)can be obtained. Then, using Equations (9) and (11), we

obtain the approximate answer of x,, and the approximate value of the objective function. This
process is summarized in the following algorithm:

1. Form = 1,2,..., we select mpoint on ().

2. Weput;(t) = LK () ls=jpj = 1,..,m.

3. WeputA = [(¢; ()1}!{; (- Dw]i.jzi.z.....m Ord = [Ltwj(t] It=rg]a'.j=1.2.....m'
4. We obtain the LIUJdecomposition of the matrix of coefficients A.

5. Setthe initial value to x, = Oandj = 1.
T
6. We place e = [f (rl.xj_l(ifl].u(rl))...f (rj.xj_l(rj).u(rj))] and subtract the
matrix Aj— from the principal components j of the row and the first column of the Matrix A.
7. Solve the equation A;c = e; using the LUdecomposition of the matrix A.
8. Weputx;(t) = ;.f:l c; P (2).
9. Weputj=j+ 1. Ifj = mwe return to step (6).
10. So, u(t,,), ..., u(t,)and x,,are minimized by placing them in Equation (11).

11. We get the approximate answers x,,, and [,,,.
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Theorem 2-6 Suppose {ri}?iiis dense in (). Then the approximate answer x,,, will converge to
the analytical answer x.

. aK\t . . .
Proof: Since || ;; ) ll,;; is bounded [8], then according to Arzela-Ascoli theorem
P={x | |lx]Ily<y} fora positive constant value y will be a compact set at space c(Q).

Thus {x,,,}57—, will be a sequence of finite functions in W (). Consequently for any i, there
exists a convergent subset of {x,,(7,)}2, from {x,,(r;)};—; such that uniformly
x,,(1;) = x(r;)when i — oo.

Then
L.x,.(t;) = f(r!-, Xy 1 Ifr!-],u(ri-]).
So we have:
Lex, (1) = f(t0, %1 (t),ulz), (11)
By taking the limit from both sides of the equation (2-12), we can write:
L.x(t,) = f(r!-,x(r!-),u(ri]).

Since {r;}:2 ,is dense in (), we have:

L.x(®) = f(tx(®),u(@®).
For all t € (), in other words, x is definitely the analytical answer (2-2).
Theorem 2-7 If g{.,x(.),u(.))is continuously derivative of two terms, then ., which is
obtained from the present method, when 1m — cotends to J.

Proof: Based on equation (2-11) and theorems (1-5) and (2-6) when we have

m — oo or 6t — O
tr
x,, = x,T(6t) — f g(t,x(0),u(®)de.
tl}

So [,, — Jwhenm — oo,

3- Numerical Examples
we use the present method to numerically solve a category of optimal limit value control problems..
We use the infinitely discrete norm and the norm average sum of squares, i.e

1
m 2

E_=max | WI:F!-] —w, |E, = Z(W(fa] - ﬁf;-]z

l=zizm nm
i=1

Where( w)and(w ), exact and approximate solutions.

Example 3-1 We want to find the optimal control tithat minimizes the following problem:
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J = f (2 (0) + X2 (D),

S.t.
x'(t) = ult) ,x(0)=0 ,x(1)=0/5-]/=0/3282588214,
and the corresponding exact answers are as follows [15]:

(@ = sin h(t) ‘) = 8 h(t)
o ~ 2sinh(1)"" ‘ ~ 2sinh(1)

Example 3-2 Our goal is to find the optimal control so that the following objective function is
minimized:

] = %J; fuz (t) dt,

4]

According to the following dynamic device:

{ x; (1) = x, (1),
x5 (t) = Csin(kt) + u(t),

And according to the following border conditions:
x;(0) = 0,x,(0) = 0,x,(tf) = B, x,(tr) = 0.

The exact answer can be obtained using the Pontriagin maximum principle as follows [7]:

x;(t) = (;)smﬁ(t) +cy (i) + ¢, (;) + (g) t,
1 (t) = — (g) co s(kt) + ¢, (;) +c,t+ (g)

u(t) = —c it —c,

where in

6
Cy = (ff) ((—)cos (kte) — (—) + (—]B + ( Jsin (kty) — (—)tf)

2Bt e St

Wealsoassume, C = 0.1 ,k=8 ,t=10 ,B=1- J=0.005343386825.
Example 3-3

The purpose of this problem is to find the optimal control 1 that minimizes the following function:

J =xa(t),
According to the following nonlinear dynamic device:
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{ xy(t) = 0/5x, () + u(t),
x5 () = x3(6) + 0/5u* ().

With border conditions x; (t,) = 1,x,(t,) = 0,x; (tf) = 0/5. The exact answers are as
follows [13]:

x;(t) = a,e’’* +a,e”"/®,
x5 (t) = aze’ —aze 3 + ¢y,
u'(t) = —age’’* —agze /5,
where in
1/2—e77/3 . e ,
al_gwa_e—?gs'az - a,dz = f ay,a, = das,
ﬂ-a = —(11,(16 == 2(12,(,'1 = _ﬂ-g + {14_
o ='[]A1LTJ1r=5thenJ:—1 —.
124170946758
Example 3-4

Find the optimal control u that minimizes the following problem:

] = J‘J(x? (t) + 0.5u* (1)) dt,
Witcr'\ the following conditions:
x'(t) = 0/5x(t) +ult),
x(0) = 1,x(5) = 0/5.

In Table (3-2), the absolute error corresponding to the value of the objective function J, E; A E .,

to 1 A x and a number of different points are listed. Numerical results confirm the results of the
theory.

Table 3-2 Absolute error [, u A x to Ex.(3-3)

m | |J]—]m] EZ(u) Eco(u) EZ(x) Eco(x)
16 |4/1E—5 | 2/3E—2 | 6/8E —2 |8/4E — 5 | 8/8E — 4
32 |2/3E—6|5/5E —3|1/9E — 2 |5/1E — 6| 1/1E — 4
64 |1/6E—7|1/4E—3 | 4/9E —3 |5/4E —7 | 1/3E — 5
128 | 1/7E—8|3/4E—4 | 1/2E—3 | 1/5E—7 | 1/6E — 6

Example 3-5 The purpose of this example is to find the optimal control uso that it minimizes the

following function:

I= [ @-x@y +w e

According to the following nonlinear dynamic device:
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x'(t) = —0/25,/x(t) + u(t).

And the following border conditions:

x(0) = 0,x(1) = 2.

The exact answers are as follows: [14]
el 4+ 63e" — 63e T2 — et + 6322 — 63

x'(t) =

w(£) = x"* () + 0/25./% (o).

32(e2—1)

The absolute error for uand xis shown in the diagram (1-1). Table (3-2) lists the errors related to
approximate answers and results.

' 0.00003 1
0.0003 -
; 0.00002
00002{ .,
. 0.00001 -
00001 - G
0 r y : ; i
0 02 04 06 08 1
1
(u) Figure 1-1

W

(x)

0+ ————-—+—&
0 02 04 06 08 |

t

Table 3-2. Comparison of the present method with other methods to Ex.(3-5)

Method Max. error(u) | Max. error(x)
Neural network method [9] 0.1 0/001
Fuzzy method 0/03 4E—-5 —
The present method 0/0004 3/5E—5
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