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Abstract: The chi-square distribution, a fundamental element of statistical theory, naturally
emerges from the analysis of sums of squared Gaussian variables and finds broad application
across scientific disciplines. In fluid mechanics, its significance is particularly evident in
turbulence, boundary-layer dynamics, and energy fluctuation studies, where velocity components
and kinetic energy distributions often conform to chi-square or related gamma laws. This
statistical framework provides a rigorous basis for quantifying variability, testing hypotheses, and
validating experimental observations in complex flow systems. Furthermore, the chi-square test
serves is a practical tool to assessing goodness-of-fit between measured fluid dynamic data and
theoretical models, thereby enhancing the reliability of empirical investigations. By integrating
statistical inference with physical modeling, chi-square methods deepen our understanding of
randomness in fluid motion and support the development of more robust predictive models in
fluid mechanics.
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INTRODUCTION

The chi-square test is one of the most important non-parametric statistical tests [1]. It is used to
study the relationship between categorical variables or to check whether the data distribution
conforms to the expected distribution see (Table 1). This test is characterized by its ease of
application and widespread use in social, marketing, medical, and scientific research The formal
origins of the chi-square test can be traced back to the renowned British statistician Carl Pearson
[2, 3], who first published it in 1900 in his influential paper entitled "On the Criterion that a
certain system of deviations from probability in the case of a system of correlated variables may
reasonably be assumed to have arisen from a random sample." Prior to Pearson's work, there had
been early attempts to use similar measures, but it was Pearson who developed the precise
mathematical basis for the probability distribution of the chi-square, allowing for a systematic and
reproducible determination of the degree of correspondence between theoretical and experimental
data, Before Karl Pearson [4], most statistical analyses relied heavily on quantitative data and the
normal distribution (Gaussian distribution). The introduction of the chi-square test revolutionized
applied statistics, providing for the first time a reliable method for dealing with categorical data
that do not follow a normal distribution or that do not satisfy the assumptions of parametric tests.
This advance enabled researchers in diverse fields, such as genetics (where pioneering scientists
like Mendel used it to analyze their results) [5] and the social sciences, to draw accurate statistical
inferences about distributions and correlations that were previously considered merely descriptive
or subjective. Thus, Pearson established the chi-square test as a cornerstone of modern inferential
statistics, profoundly influencing research methodologies in the 20th century and beyond, in
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general it is a statistical test used to determine whether there is a statistically significant
correlation or difference between two categorical variables, or whether the data conforms to a
specific distribution. It is an effective statistical tool for studying the relationship between
categorical variables or for testing the conformity of data to the expected distribution. By applying
it correctly and following its conditions, researchers can draw accurate conclusions and support
data-driven decision-making [6].

Test Type of chi- square Purpose Example in Research
Checks if the distribution of Testing if a dice is fair (equal
Goodness-of-Fit Test one categorical variable g (€q
: probability for each side).
matches expected proportions.
Examines whether two Studying if gender is
Test of Independence categorical variables are associated with voting
related. preference

Comparing customer
satisfaction levels across
multiple stores.

Compares distributions across

Homogeneity Test different populations.

Table 1: A table showing the Types of chi-square tests.

So the conditions for using the Chi-Square Test are the variables must be qualitative or categorical
and the sample size must be sufficient to ensure the accuracy of the results, finally the expected
values for each cell should be greater than 5 in most cases [7], Therefore, after understanding the
advantages of the test, it is necessary to point out some common mistakes that the researcher may
make, when using the chi-square test include: using it with quantitative variables instead of
qualitative ones; ignoring sample size requirements or expected values; interpreting results
without considering the level of statistical significance; relying solely on the test without
considering the graph or the scientific context. Over the following decades, the chi-square test was
extended to applications in contingency tables (testing independence between categorical
variables), pioneered by statisticians such as Ronald Fisher in the 1920s [8]. Its adaptability made
it central to fields ranging from biology and genetics (e.g., Mendelian inheritance studies) to
social sciences, medicine, and engineering.

The chi-square test has become one of the most widely utilized statistical methods for the analysis
of categorical data across numerous research domains. Its applications extend to the social
sciences, biomedical research, economics, education, and marketing, where it is employed to
examine associations between variables and to assess the consistency of observed outcomes with
theoretical expectations. This broad adoption underscores its central role in empirical
investigation and statistical reasoning, highlighting its importance as a versatile tool for validating
hypotheses and strengthening the reliability of research findings.

As noted in [9], the chi-square test is second only to the Student’s t-test in frequency of use.
Nevertheless, despite its popularity, several scholars [10, 11, 12] have emphasized methodological
shortcomings, including unproven bounds on sample size requirements and the assumption of
independence among observations. In this work, we illustrate the test’s pronounced sensitivity to
both sample size and data representation. In particular, we demonstrate that scaling the
concordance matrix by a constant c results in the test statistic being scaled by the same factor,
which makes it possible to manipulate the outcome—either rejecting or failing to reject the null
hypothesis H,. Comparable issues have recently been identified in analysis of variance (ANOVA)

and in Tukey-Kramer’s procedure. Specifically, Tukey-Kramer’s formula [13] for determining the
critical range between observation sets i and j is influenced not only by these two sets but also by
all other sets, even when they are unrelated. This dependency introduces logical inconsistencies in
ANOVA when more than two groups are involved, for detailed definitions and discussion. The
chi-squared (CSD) distribution is one of the most widely used distributions in science. Its
importance in fundamental physics is undeniable, for example in the kinetic energy distribution of
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particles in an ideal gas, as described by the Maxwell-Boltzmann law [14], or in the energy
spectra of particles emitted from excited nuclei during nuclear reactions [15]. Chi-square tests
play a pivotal role in fluid mechanics, particularly in the statistical validation of experimental
data, model fitting, and uncertainty analysis [16, 17]. Researchers use this test to verify whether
observed fluid behavior, such as turbulence measurements, velocity distributions, and particle
tracking data, matches theoretical predictions or simulation outputs. Error & Uncertainty
Analysis: Chi-square statistics quantify how well measured data fit expected models, especially in
noisy environments such as turbulence or multiphase flows. Random Variable Analysis: Fluid
mechanics often deals with stochastic processes (e.g., turbulence intensity, droplet breakup). Chi-
square distribution is used to test hypotheses about these random variables. So take an example,
CFD Validation that compares simulation outputs with lab data using chi- square goodness of fit
to verifying Navier-Stokes solver predictions.

How It Works: (Mathematical formulas for chi- square)
Section 1:

Pearson's tests [18] (goodness of fit test, independence test, and ratio homogeneity test) can be
organized according to the same basic formula for the test statistic in a single form ( Table 2). For
example, consider a scenario where a T result from polynomial experiments is classified
according to two different criteria, within one of the same m categories, in one of the n groups.
The results can be presented in a two-way consistency table consisting of m rows and n columns.

Grou Grou | ......

1 P Group2 | Group 3| ...... 0j Group n | Row total
Cate. 1 0y 0y Dz | veeenen ﬂj,r 0y, 0y
Cate. 2 04 040 L '5'2; 0y, 0,
Cate. i 0, 0 0 cececcen ﬂr;r O 0;

......... Qi

Cate. m [ - O L Gnu - O
Column

0 0. 0 o o T

Total ! : : ] "

Table 2: A table showing the general structure of an m = » order compatibility matrix, s.t. o,;
refers to the observant-ion in the cell located in row i and column j.

For example, Consider a region with a population of one million, comprised of four
neighborhoods: A, B, C, and D. A random sample of 700 women from this region was selected to
study the impact of science on social life, and their occupations were recorded as either
"employees,” "homemakers,” or "students." The null hypothesis states that each person's
residential neighborhood is independent of their occupational classification. The data are tabulated
as follows, show table 3 [19]:

A B C D Total
employees 140 80 154 125 499
homemakers 80 70 101 50 301
students 50 90 95 65 300
270 240 350 240 1100

Table 3: A table showing the Distribution of population density divisions.
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Section 2: (the hypotheses)

Formulate Hypotheses
Null hypothesis (H,): No relationship or difference exists.
Alternative hypothesis (H,): A relationship or difference exists.

Calculate Expected Frequencies
Based on the assumption of independence or equal distribution.
Compute Chi-Square Statistic X* = ¥(0 — E)2

w v MV V E

Let, R, =XL,0;,i€{1,2,....,m}it is row sum for population i,

C,=2X72,0;,J € {1,2, .....,n} it is column sum for category and T=Z;’;12}‘:1 0;; (' total

sample size). The null hypothesis is:

Hy:Ty; = Moj = ceveeve = Ty vje{l,.....n}.

Where, m;; €[0,1] is the proportion of indivduals in group I falling into category and
i=, m;; = 1 for each i under H, the expected frequency E;; in cell (i, ) is given by:

R:.C
Ey;= T Yi=1l...mand j=1....n
i
So the test statistic defineas x*_,_. = Xm, ;.‘zi"—ﬂ‘%‘gfi (1)
Lj

Under the test assumptions the test statistic X2
distribution

approxomateiy follows a chi — square

Frat

with (m-1)(n-1) degrees of freedom under H, and let & € (0,1) be the significance level. Then the
decision rule is:

Reject HI} If Xﬂsrnr = Xﬂl—n’ Am—1)in—-1)
Where X%, _, (.—1)(a1) IS the chi —square distribution with (m-1)(n-1) degrees of freedom.

Theorem:

It is clear that for any real constant ¢ = 0, the relation X~_, ., (cd) = c X*_,.. (4) holds. The
nullhypothesis H, stated is rejected at agiven significance level o, if and only if (<)
X2 0 (A) = X7 (A), Where X7 (A)= X%, (n-1)(a-1y rePresents the (1-a)-quantile of

the chi-square distribution with (m—1)(n—1) degrees of freedom, This critical value depends solely
on m, n, and a, but is independent of the specific entries of matrix A.

Remark:

The following five conditions are mutually equivalent [20]:
(a) the rows of A are perfectly proportional,

(b) the columns of A are perfectly proportional,

(©0; =E; forall i=1...mandj=1....n;

(d) The chi-square statistic satisfies X~_, ., (4) = 0;
(e) For any positive real constant c, we have x*_.. (c4) = 0.

Moreover, if none of the above conditions{a — e) hold, then X*....(4) = 0. In this case, for a
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confidence 1—o when c is sufficiently large, while it will not be rejected when c is sufficiently
small.

Proof:

Returning to the equation (1), the numerator and denominator of this equation represent quadratic
and linear functions of the matrix components of A and X~_... (cd) = cX?_,..(4) . So the

proportionality test of the rows cA should not linearly depend on ¢.

Let’s walk through a numerical chi-square example in fluid mechanics using turbulence velocity
distribution data. Suppose we are studying turbulent velocity fluctuations in a wind tunnel. Theory
suggests that the velocity fluctuations follow a normal distribution. We collect 100 velocity
samples and categorize them into bins. We group the velocity fluctuations (normalized by mean
velocity) into categories: see table 4

Velocity rang (ﬂfuj Observed Frequency (0)
-4 10 -2 12
2100 28
Oto?2 40
2to4 20
Total =100

Table 4: A table showing the Distribution of the velocities.

If the distribution is normal, the expected probabilities for each bin can be calculated from the
standard normal distribution.

> Probability ( —4
> Probability ( —2
> Probability ( 0

> Probability ( 2

<z<-—2)20.135
<z< 0 )=0341
<z< 2 )=0341
<z< 4 )20.135

Multiply each probability by 100 (sample size), see table 5,

Velocity rang (ﬂfuj Observed Frequency (E)
-4 10 -2 13.5
-2t00 34.1
Oto?2 34.1
2to4 13.5

Table 5: A table showing the Distribution of velocities.

By the formula:

2 _ (0;-E )*
¥i = :z=1 I.E[I. (2)
Compute for each bin:
> Binl-wzﬁx a. 167
’ 13.5 13.5 ’

. (28-341)%  3nzl
> Bin2: a1 =1 1.09

.. (40-341)% 3451
» Bin3: 1 il 1.02
> Bind: (20-13.5)% _ 47.25 313

13.5 13.5
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2=0.167 + 1.09+1.02+3.13 =541

df = number of categories — 1 — parameters estimated, our categories = 4 and the
parameters estimated (mean, variance) = 2, the degrees of freedom will be:

df =4—-1-2=1
Critical value at (df = 1,@ = 0.05) — 3.84, and our X* = 5.41

So, we will reject null H, therefore, the turbulence velocity distribution does not perfectly follow

a normal distribution in this experiment. This example shows how chi-square can be applied in
fluid mechanics to validate turbulence models. Even through theory suggests Gaussian
fluctuations, experimental data may deviate. Now, let’s take another example of CFD Validation
of Turbulent Jet Velocity, if we have:

> Experimental data: Measured velocity distribution at a cross-section of a turbulent jet.

» CFD simulation data: Predicted velocity distribution from a turbulence model (say, k—¢). We
want to test if the CFD predictions statistically agree with the experimental data using a chi-
sguare goodness-of-fit test.

Now, If we suppose we divide the jet velocity profile into 5 bins (normal velocity ranges) as
follows:

Velocity Range Experimental Frequency CFD Prediction (Expected,

(u/V) (Observed, O) E)
0.0-0.2 18 20
02-04 22 24
0.4-0.6 30 28
0.6-0.8 20 18
0.8-1.0 10 9

T=100

Table 6: A table showing the Distribution of normal velocities ranges.

With eq. 2 of the formula x* = £, ':G‘;—E‘:", we can compute for each bin:
[
> Bin1: 22 =2 x 020
20 20
> Bin2: B = 2 v 036
25 25
> Bin3: B -2 x4
28 2B
> Bina: B =2 v 022
18 18
> Bins: 2 =2x 011
9 el

x*=0.20+0.36+0.14 + 022 + 0.11 = 1.03

df = number of categories— 1, Categories = 5 and df =5 — 1 = 4.So the critical value at
(df =4,& = 0.05) = 9.49,and our X* = 1.03 < 9.49

So, it is fail to reject null H, therefore, the CFD simulation matches the velocity distribution well.
In this way we shows how chi- square in CFD validation:

» Low chi- square values give us CFD predication are statistically consistent with experiments.
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» High chi- square values give us CFD model may need refinement e.g. turbulence model
choice, mesh resolution).

> Itis quantitative way to validate CFD models beyond just visual comparison of plots.

In this study, we introduce a simplified technique for deriving the composite power density
function (CSD). The proposed approach is based on mathematical induction. While Helmert [21]
initially obtained the CSD through a two-step forward induction process, our refinement reveals
an inherent iterative characteristic of the function. This property enables the derivation to be
carried out through a single-step induction, supported by the fundamental theorem involving the
beta and gamma functions.

Section 3: (Chi-Square Distribution)

The probability density function (PDF) of the composite power density (CSD) is expressed as
follows:

I:Eg}uf:—'_a—xﬁf:

et ' (gamma function) (3)

pdf (X3l v) =

Here, CSD E[X?*] = v (the expectation value), Var [X%] = 2v (the variance) [21]. The CSD is a
special case of the gamma distribution abbreviated as gamma (XZ:|a,b) with the parameters
a=v/2,andb=2[22].

Let X2 = ;‘:1M be the statistics with normal variable x,; x, € [x,,x, + dx,] and its pdf is
&
) 1 _[x'_—n'-f'_]:a.-: . . )
given by (bdf(x,)dx, = —e  © dx,). Ifwe put X7 = ((x, — pty)/a,)", eq. (3) will be
y <y
obtain as:
paf(Xf|1)ax; = %E‘_x'—:”: %|dﬁ£’f = ‘:_ =~ dX} = gamma(X? | 1/2,2) dX}. (4)

Now for v = 1andused I' = (1/2) = +/m, The factor of two arises from the substitution of the

variable x,, which originally ranged from —eo to + oo, with the squared variable X7, whose

domain extends from 0 te + co. Now, let us assume that an additional term, corresponding to the

(X —p)®
o

degrees of freedom by one v + 1, thereby modifying the structure of the distribution accordingly.

normal variable x,.,, is appended to X2 = X%, . This inclusion increases the number of

So x2,, = x2 4 (fme2THneny2 and by using the calculus for probability density functions [21],

Fn+s

Pdf(a’f,fﬂw + 1jdX§+1 = .r:, pdf (ngjdxi paf (X,:1)dX, 41 (5)

-

Let ‘s define a new variable z, such as, ( 222722 = ¥2 (1 — z) and dX2,, = dx? , therefor

Ty
the right side of Eq. 5 can be rewritten as
1 5 d¥p,, B T L
2 fD pdf (Xz;lu)pdf (X:II'FJ.) ‘ d;- dz dX:'!-Fl - ;|TJ+'_.": ]"I:L‘,-'"::I]"I:l.-"':} Xm?'I'l ..rc. zl’f l[l_
z)l,-"ﬂ—ldz
(6)

Now, the right side of Eq. 6 is the beta function, 8(v/2,1/2), can be given as:[22]

_ [le/air(a/z)
B(v/2,1/2) = I((v+1)/2) 0
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By substituting Eq. (7) into Eqg. (6), simplifying the resulting expression, and then comparing it
with the left-hand side of Eq. 5, one obtains the following relationship:

i ] i
a1 (P+L)iz—1 _—-Fp ,/2
(Xpps) g T+l

Pdf( XL+J. |i'..:' + 1j = - :'I-D+.—I'II:]"I"I'-1,‘+1:|.I'I-:} (8)

This result corresponds to the pdf. given in EQ.3, for v+ 1 degrees of freedom, thereby

establishing Eq. 3, through induction. By substituting @2 = ((x, —g,)/e;)”, transforms into
X =X, o7, which represents the generalized chi-square form with parameters u. and .

The sum of independent random variables ¢ is expressed as a convolution, and the joint
distribution function for X2 can be obtained by evaluating an n-dimensional convolution integral.
Investigating the properties of this convolution leads to useful simplifications that have been
exploited in prior studies. In particular, by convolving two gamma distributions X7 = ¢ from
Eq. 5, and applying the theorem that the convolution of two gamma distributions yields another
gamma distribution, one obtains: (X3 | 2/2,2)gamma.

By continuing this process of convolution with X7, it follows directly that the complete
convolution is given by(XZ |v/2,2), v = n , which is exactly the composite power density

(CSD) expressed in Equation (3). This provides a simplified derivation of the CSD using
convolution.

An alternative simplification relies on the theorem that the moment generating function (MGF) of
a convolution is equal to the product of the individual MGFs [23]. Thus, by calculating the MGF
of X7 from Eq. 4, and raising it to the n-th power, one obtains the MGF of X2, where v = n.

Comparing this with the known MGF of the gamma distribution shows that the CSD in Eq. 3, is a
special case of the gamma distribution [24]. In this work, we present yet another simplified
derivation of the CSD using the Laplace transform [25], which serves as the foundation for
extending the result to the general case of

o2 |',5|."']|"l"_' -Xi/z —axZ 3 1/2 173
fy T A = ()9
Now, by used the Laplace transform of a nth i.e. [%j’”’ %, with u = X , the inverse Laplace

transform results in the Pdf of w, this yields

1/2 n/2 _su —
3+J..-""] =3 d.S' ﬂ,l Z 7t § m dS (10)

pdf(uln) =

To calculate the contour integral in Eq. (10), If we start with the Cauchy integration formula for
an analytic f(s) of a complex variable s having a simple pole at s,

flso) = —

The k —1 times differentiation of Eq. (11), where the differentiation can be of an integer or a
fractional order [25], results in:

flik_l} (sp) = ]:.ITJ:} Eﬁ_;sf-_{:}}k ds (12)

By comparing Eq. (10) to Eq. (12), we infer f(s) =e** s, =—1/2, and k=n /2 . B
inserting these variables to Eq. (12) and plugging it into Eq. (10), we obtain:

i —uln
nifa—-1e u

pdf(uln) = «mrl. -5 [:;_::_;__ fd] i “—17} (13) This is the CSD that given by eq.

v =nand Xz =u.
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Section 4: (examples)

If we consider the following 2:x2 information see table 7:

Group 1 Group 2 Row Total
Category A 11 2
Category B 111 12
Column Total 212 14

Table 7: A table showing 22 contingency matrix.
If we start the null hypothesis that the proportions of outcomes are the same across the two
groups. The expected value for each cell number the null hypothesis are:
E - 2x2 4 2
L1414 07
2x12 24 12
Elﬂ P —
- 14 14 7
12x2 24 12
E"l = = =
- 14 14 7
_12x12 144 72

oy

14 14 7
And the chi- square statistic is found to be:
2.9 12,5 12,5 72,4
., G-z (- (0-=) (01-7)" 175
Stat E E E E 72
7 7 7 12

With the degree of freedom =1, compare this result with the critical value from the chi- square
distribution table at significance level @ = 0.05, which is approximately 3.841,we have that:
X:

stat

A 243 < 3.841

Thus we fail to reject the null hypothesis. There isn’t enough evidence to suggest a significant

difference in proportions between the two groups. But if we change the last information to modify
it see table 8:

Group 1 Group 2 Row Total
Category A 22 4
Category B 222 24
Column Total 424 28

Table 8: A table showing 22 modify contingency matrix.
If we start the null hypothesis that the proportions of outcomes are the same across the two
groups. The expected value for each cell number the null hypothesis are:
E - 4 x4 B 16 B 4
L7 28 28 7
4 x24 96 24
'Erlﬂ = = - = —
- 28 28 7
B 24 % 4 _ 96 _ 24
28 28 7
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_ 24X 24 576 144

oy

28 28 7
And the chi- square statistic is found to be:
4 . 24, , 24, , 144, 5
, (2-7° @2-=)» (@E-75) (22-—=F) 175
X = =
stat i & & 144 36
7 7 7 12

With the degree of freedom =1, compare this result with the critical value from the chi- square
distribution table at significance level @ = 0.05, which is approximately 3.841,we have that

Xgos1 ¥ 486 < 3.841

Thus we have to reject the null hypothesis. There is the sufficient evidence to suggest the
proportions differ between the two groups.

Conclusion:

1.

Two methods for calculating chi-squared have been discussed, including the simplified
method for deducing the chi-squared distribution and the moment generation function, and
have been summarized here for comparison.

The method of deriving the moment generation function is more advanced than some other
methods, because it requires knowledge of the moment generation function and the gamma
distribution, unlike the Bayesian inference method, which requires knowledge of the
probability function and the prior probabilities, without knowledge of the gamma distribution.

The chi-square test provides a precise framework for testing independence and fit hypotheses
by measuring the differences between observed and predicted frequencies, making it one of
the most important basic statistical methods for analyzing categorical data.

The chi-squared distribution is traditionally used in statistics to analyze categorical data, and
also in fluid mechanics to study stochastic processes and energy distributions. In turbulent
flows, the chi-squared distribution is particularly useful because particle velocities and kinetic
energies often follow probability laws that can be derived from the sum of squares of
Gaussian variables—the basis of the chi-squared distribution.

Broadening this framework, chi-squared methods enable researchers to validate experimental
measurements, assess the consistency of observed flow data with theoretical probability
models, and evaluate the agreement between computational fluid dynamics (CFD)
simulations and experimental results. In this way, chi-squared analysis helps bridge the gap
between statistical inference and physical modeling, enhancing the reliability of fluid
mechanics research and contributing to the development of robust predictive models for
complex flow systems.
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