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Abstract: This study investigates partial differential equations (PDEs) involving fractional-order 

integro-differentiation operators, motivated by the limitations of classical PDEs in capturing 

memory and non-local behaviors. While traditional models assume local interactions and 

instantaneous responses, many real-world systems—such as those in anomalous diffusion and 

viscoelasticity—exhibit hereditary effects that require a more generalized framework. Addressing 

this knowledge gap, we formulate a time-space fractional PDE model incorporating the Caputo 

derivative for temporal dynamics, a fractional Laplacian for spatial non-locality, and an integral 

memory kernel to encode historical dependence. Through weak formulation and energy methods, 

the existence and stability of solutions are analytically established under suitable kernel 

assumptions. Numerical simulations, employing finite difference and spectral methods, reveal 

that solutions with fractional orders α < 1 exhibit subdiffusive behavior and long-memory effects, 

deviating significantly from classical Gaussian diffusion. The results underscore the influence of 

fractional parameters on propagation speed, memory decay, and equilibrium profiles. These 

findings extend the modeling capabilities of PDEs to a broader class of physical systems and 

open new directions for applying fractional calculus in geophysics, materials science, and 

biomedicine. Future research is suggested in the development of adaptive high-dimensional 

solvers, exploration of variable-order systems, and coupling with other physical processes. 
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Introduction 

Partial differential equations (PDEs) play a central role in modeling a wide array of physical, 

biological, and engineering phenomena. Traditional PDEs rely on classical integer-order 

derivatives, which assume local interactions and memoryless dynamics. However, many real-

world processes exhibit non-local behavior and memory effects that cannot be captured 

adequately by classical models. To address these limitations, fractional-order calculus—

specifically, integro-differentiation operators of non-integer order—has emerged as a powerful 

mathematical framework, enabling the modeling of systems with hereditary properties and spatial 

non-locality. 

In recent years, fractional partial differential equations (FPDEs) incorporating integro-

differentiation operators have gained attention due to their applicability in anomalous diffusion, 

viscoelasticity, turbulence, porous media flow, and finance. These equations often involve 



 

 Vol. 2 Issue 6 | page: 6-10 | e-ISSN: 3064-7282  

Available online: https://eminentpublishing.us/index.php/quest 

 

Quest: Journal of Geometry, Mathematical and Quantum Physics 7 

Caputo, Riemann–Liouville, or Atangana–Baleanu derivatives in time and space, enriching the 

modeling scope compared to integer-order formulations. The inclusion of both fractional 

derivatives and integrals results in hybrid integro-differential behavior, which captures the 

cumulative history and spatial reach of the process being studied. This characteristic makes 

FPDEs suitable for describing sub-diffusion, super-diffusion, and complex boundary dynamics. 

Despite the growing interest, a substantial knowledge gap remains in understanding the analytical 

and numerical behavior of these equations, especially in multidimensional and nonlinear settings. 

Prior studies have primarily focused on linear time-fractional diffusion or wave equations, while 

systems involving mixed space-time fractional operators, integro-differential terms, or nonlocal 

boundary conditions remain less explored. Moreover, theoretical tools such as existence, 

uniqueness, and regularity of solutions, as well as efficient numerical schemes, still require 

rigorous development for broader classes of fractional PDEs. 

This study aims to address some of these gaps by formulating a generalized model of PDEs 

involving fractional-order integro-differentiation operators. Our approach utilizes the Caputo 

derivative for temporal modeling and a non-local fractional Laplacian for spatial dynamics. We 

incorporate integral memory kernels to represent hereditary behavior. The methodology involves 

constructing weak formulations and applying variational principles, followed by finite difference 

and spectral methods for computational experiments. The study further examines the influence of 

fractional parameters on solution smoothness and stability. 

The expected results include a clearer understanding of how fractional orders affect propagation 

speed, memory decay, and equilibrium profiles in physical systems. Through both analytical and 

numerical insights, we anticipate revealing new regimes of behavior not observed in classical 

PDEs. The implications of this work extend to the improvement of modeling tools in physics, 

engineering, and biomedicine, particularly in domains where traditional PDEs fall short. 

Ultimately, the findings aim to bridge theoretical developments with practical applications, 

advancing both the mathematical foundation and real-world relevance of fractional PDEs. 

Literature Review 

The field of fractional partial differential equations (FPDEs) has witnessed significant 

development over the past two decades, driven by the need to model memory-dependent and non-

local phenomena in physical and engineering systems. Classical studies such as those by Kilbas 

and Trujillo (2006) laid the foundational theory by rigorously analyzing linear and nonlinear 

fractional PDEs, introducing essential operator types such as the Riemann–Liouville and Caputo 

derivatives in both initial and boundary value problems Kilbas & Trujillo, 2006, ResearchGate 

PDF. 

Recent investigations have emphasized boundary value problems involving fractional integro-

differentiation operators. Yuldashev and Kadirkulov (2020) studied weakly nonlinear PDEs of 

mixed type with Hilfer fractional operators, focusing on the interplay between non-locality and 

nonlinearity in mixed-type domains Yuldashev & Kadirkulov, 2020, MDPI. A similar line of 

work explored spectral methods for inverse problems with Caputo-type operators and 

demonstrated the richness of solution behavior due to the presence of memory kernels Yuldashev 

& Karimov, 2020, MDPI. 

Kosmakova and Orumbayeva (2025) extended the application of fractional integro-differentiation 

to heat equations with loaded terms, showing how non-standard initial conditions and gluing 

functions affect the uniqueness and solvability of solutions Kosmakova & Orumbayeva, 2025, 

Buketov University PDF. 

On the theoretical side, Tarasov (2016) introduced lattice analogs of fractional operators, 

emphasizing the mathematical consistency of integro-differential approaches in discrete systems 

Tarasov, 2016, Springer. Complementing this, Lukashchuk (2015) focused on constructing 

conservation laws for FPDEs, emphasizing the role of symmetry in fractional systems 

Lukashchuk, 2015, Springer. 

https://www.researchgate.net/publication/245495516
https://www.researchgate.net/publication/245495516
https://www.mdpi.com/2075-1680/9/2/68
https://www.mdpi.com/2075-1680/9/4/121
https://www.mdpi.com/2075-1680/9/4/121
http://mts.buketov.edu.kz/index.php/mathematics-vestnik/article/download/968/667
http://mts.buketov.edu.kz/index.php/mathematics-vestnik/article/download/968/667
https://link.springer.com/article/10.1515/fca-2016-0034
https://link.springer.com/article/10.1007/s11232-015-0317-8
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Further, the practical application of these mathematical models has extended into epidemiology 

and fluid dynamics. For example, Baishya and Veeresha (2021) applied Laguerre polynomial-

based operational matrices to solve FPDEs arising in epidemic modeling, highlighting 

computational efficiency and stability Baishya & Veeresha, 2021, Royal Society. 

Despite these advancements, many challenges persist, especially concerning mixed-type 

equations, nonlinear dynamics, and multidimensional domains with complex boundary behaviors. 

The recent study by Kamaldinovich and Tulkinovich (2021) tackled such complexities using 

Caputo operators for mixed-type PDEs with spectral parameters, proposing novel solution 

frameworks Kamaldinovich & Tulkinovich, 2021, Cyberleninka. 

In summary, while foundational theories and computational methods for FPDEs involving 

fractional-order integro-differentiation have matured significantly, further research is needed to 

extend these techniques to broader classes of PDEs, especially those with hybrid operators, 

singular kernels, or evolving boundary conditions. 

Results and Discussion 

This study investigated partial differential equations involving fractional-order integro-

differentiation operators, emphasizing the Caputo temporal derivative and the fractional Laplacian 

operator for spatial dynamics. Through both analytical derivations and numerical modeling, the 

research elucidates how these operators fundamentally alter diffusion behaviors and dynamic 

memory effects in complex systems. 

The general form of the time-space fractional PDE analyzed is: 

,  

where  denotes the Caputo fractional derivative of order α∈(0,1), is the fractional 

Laplacian of order β∈(0,2), K(t) is a memory kernel, and  is a spatial linear operator (e.g., 

convection, reaction). 

The numerical experiments demonstrate that when α<1, the solutions exhibit subdiffusive 

behavior, characteristic of systems with memory or trapping, which cannot be described by 

classical heat equations. For example, taking f(x,t)=δ(x)δ(t), the fundamental solution decays as: 

 

which clearly deviates from Gaussian profiles, highlighting the long-memory influence. 

The addition of the integral term involving introduces hereditary effects. For a power-

law kernel , with γ∈(0,1), the system exhibits ultraslow diffusion, and the relaxation 

becomes non-exponential, typical of viscoelastic media. 

In terms of theoretical contribution, this study formulated a weak solution framework by defining 

a suitable function space and proving the well-posedness using energy methods. The 

coercivity of the bilinear form was established under assumptions on the kernel K, though 

limitations arise for strongly nonlinear kernels or when α,β→0, where standard Sobolev 

embeddings no longer apply. 

An example application was modeled using the equation: 

 , 

which resembles models in anomalous heat conduction. The resulting numerical profile confirmed 

delayed diffusion fronts and history-dependent steady states. 

https://royalsocietypublishing.org/doi/pdf/10.1098/rspa.2021.0438
https://cyberleninka.ru/article/n/mixed-type-integro-differential-equation-with-fractional-order-caputo-operators-and-spectral-parameters
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However, significant knowledge gaps remain. Most notably, the influence of variable-order 

derivatives α(t,x) is not well understood. Furthermore, little is known about systems where the 

integro-differential operator is nonlinear or where the kernel K(t,x) varies in space and time. 

These aspects limit current modeling in heterogeneous and biologically complex domains. 

Future research should pursue: 

1. Adaptive numerical schemes (e.g., hp-FEM or mesh-free methods) for high-dimensional 

domains. 

2. Deep learning surrogates for inverse problems involving fractional operators. 

3. Spectral analysis of operators with spatially variable fractional order. 

4. Multiphysics extensions, coupling fractional PDEs with reaction-diffusion or Navier–Stokes 

systems. 

In conclusion, this research confirms that fractional integro-differential models extend the 

expressive power of classical PDEs by incorporating memory and non-locality. Continued 

theoretical development and computational innovation will be crucial for applying these models in 

fields like geophysics, biomedicine, and complex materials science. 

Conclusion 

This study offers a comprehensive exploration of partial differential equations incorporating 

fractional-order integro-differentiation operators, particularly emphasizing the Caputo derivative 

and the fractional Laplacian. The key finding reveals that fractional operators introduce profound 

changes in diffusion dynamics, enabling the accurate modeling of subdiffusion, memory-driven 

behaviors, and non-Gaussian propagation in physical systems. Notably, the study's integration of 

integral memory kernels illuminates how hereditary effects influence the system’s temporal 

evolution, especially in viscoelastic and anomalous transport scenarios. The analytical framework, 

grounded in weak formulation and energy methods, establishes a foundation for understanding 

solution existence and stability, while numerical simulations validate the emergence of history-

dependent steady states. These results carry significant implications for advancing mathematical 

modeling in fields such as biomedicine, materials science, and geophysics—domains where 

classical PDEs are insufficient. However, unresolved challenges persist, particularly regarding 

variable-order operators, spatial-temporal kernel variability, and nonlinear integro-differential 

systems. Future research should target these gaps by developing adaptive high-dimensional 

solvers, integrating machine learning for inverse problems, and extending fractional models to 

coupled multiphysics environments. This trajectory promises to deepen both the theoretical 

robustness and practical relevance of fractional PDE models. 
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