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Abstract: General Background: The study of differential geometry plays a crucial role in
understanding the structural properties of various manifolds, particularly in the context of
Riemannian and Hermitian geometry. Specific Background: The Viesman-Grey manifold is a
significant class in this field, characterized by its unique conharmonic curvature tensor. Previous
studies have examined nearly Hermitian manifolds, conformal invariants, and curvature
identities, yet a comprehensive analysis of the generalized conharmonic curvature tensor in
Viesman-Grey manifolds remains insufficient. Knowledge Gap: Despite extensive research on
curvature tensors in different geometric structures, the specific characteristics and classification
of the conharmonic curvature tensor in generalized Viesman-Grey manifolds require further
exploration. Aims: This study aims to investigate the properties of the generalized conharmonic
curvature tensor in Viesman-Grey manifolds, examining its structure and defining new
classifications. Results: The research identifies various classes of Viesman-Grey manifolds based
on the components of the conharmonic curvature tensor and establishes their interrelations. The
study provides equations characterizing different classes and proves specific properties of the
generalized tensor. Novelty: This study introduces new classifications of generalized Viesman-
Grey manifolds, offering an extended perspective on conharmonic curvature tensor properties
and their implications in differential geometry. Implications: The findings contribute to the
theoretical development of Riemannian geometry by refining the classification of nearly
Hermitian and Viesman-Grey manifolds. These insights may support future studies in geometric
structures, tensor analysis, and mathematical physics.

Keywords: Generalized conharmonic tensor, Viesman-Grey manifold, curvature tensor,
differential geometry, nearly Hermitian manifold, Riemannian space.

1. Introduction

As it demonstrates how differential geometry is constructed, the nearly Hermitian manifold (AH-
manifold) is regarded as one of the most important components of differential geometry. Banar'u
[1] efficiently reclassified 16 classes of nearly manifolds in 1993 utilizing structure & virtual
tensors. Kirechenko's , one of sixteen locally conformal kahler manifold classes, will be studied in
this paper. Riemannian space studies of the surface of the previously described conharmonic
tensor.Three different kinds of nearly Hermitian manifolds were distinguished by Gray, and each

of them has a Riemannian curvture expression tensor. These classes are identified by R ;, R, and
R;. The class R; corresponds to the RK-manifold. The key to comprehending differential
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geometrical features, according to Ry, R, and Ry, is the identities of Kahler manifolds that
satisfy them. Gray [2]. The the Riemann tensor is composed of the following elements:

R1:<( (XI,XE ,Xg f Xq‘j >= R1:<( JX]_, .]XZ,) Xg ,X4.>
Ra:<( (X, X5 )Xz, Xg>= < R(JX1, JX2) X3, X >+ < R(X1, X5) JXs, X, >+ < R(X1, X5, X5, IXe>;
Rai<( (X, X5)Xg,Xy>= < R((Xy, X5 )Xz, Xy >+ < R(UX1, 7X2) JX3, Xa>;

AH-structures have a tensor R that meets the identity Ri if the name is any class of H-structures, 0
N Ri=0 where i = 1,2, 3, [9] . C = R1 — Rz — Ry is an established fact. It is reasonable to assume
that the Riand Rs manifold classes are the closest to the Kahler manifold class among AH-
manifolds with different R; geometrical and topological features. In 1996, Kirichenko and Eshova
conducted research on the conformational invariant of the GV-manifold of class. Rakees [3]
examined the local conformal kahler of class Rz in 2008, provided that the Lie form's element is
valid.

This is able to be expressed the complex concircular tensor of particular classes of nearly
hermitian manifolds was studied by Saadan in 2011. Jawad studied the nearly Kehler manifold of
the class Parakehler R1. In 2018, Dhabia'a was studiedthe Generalized Conharmonic manifold
Class Nearly Kahler. In the article studying the type of generalized conharmonic of the Viesman-
Grey manifold[4].

Materials and Methods
2. Preliminaries

The AH-structure and the tensor R are examples of class structures that meet the identity Ri, i=1,
2, 3, Then comes the designation for an AH-structure subclass. It is commonly known that C < Ry
c Rz < Rs .Therefore, it is reasonable to assume that the GV-manifold class will be closest to the
equivalent geometric and topology AH-manifold. R1, Rz and Rs. In the study of the GV-manifold,
artists such as Grey and Venhacke [5], Waston, and Venhecke were also considered, as was the
manifold of class Ry. Let the 2n-dimensional GV-manifold be (M,J,qg).

Definition 2.1 [4]
A structure {J, g=<.,.> } is a Veisman-Gray structure in the following manner:
Vx (F)( X ,Y)=(-1)/2{]-1)){< X, X, >SF(Y)-< X, Y >0F(X)- <JX,Y >SF(JX)}...... (1).

Where V is the Riemannian connector by g, F(X,Y)=< JX, Y > is the Kohler form, [ is a
derivative, and X, Y, and Z belong to X(M). In the context of a killing farm,

an AH-structure (J, g = <... >) is referred to as W1 or nearly Kehler (NK-structure) Vx(J)=0 ;X
EX(M)...... (2).

Structure of AH (J, g=<.;.>) a locally conforming Kehler structure (LCK-structure), or brief W4
class structure, if Vx(F)(Y, 2)=(-1)2(1]-1) {<X,Y>SF(Z)-<X, Z>SF(Y)- <X,JY >SF(JZ)+X
JZ>SF(JY)}.

Properties2.2[1]

Assume that the Viesman-Grey Manifold is (M; J, g). Additionally, it possesses every quality of a
tensor of curvature:

VX, Y, Z,W)=-V(Y, X, Z,W);

1) VX, Y, Z, W)=-V(Y, X, W, Z);

2) VIX,Y,Z, W)+ V(Y,Z, X, W)+ V(Z,X,Y, W) =0;
3) VIX,Y,Z, W)=-V(Z, W, X, Y);
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Definition 2.3

(GV)i,vi=0,1,...,7is the GT-manifold for which (GV)i=0 is the GV-manifold of classes.

Theorem 2.4

Neutral equations for GV-manifolds are described by this theorem. Compounds of the class
conharmonic curvature:

1) GV- manifolds of class (GV)o characterized:

GV(X1, X2) X3- GV(X1, JX2) JX3- GV (JX1, X2) JX3- GV(JX1, JX2) X3-JGV(X1, X2) JX3-JIGV(JXq,
X2) X3- JIGV(JX1, X2) JX3+JGV(JX1, JX2) JX3; X1,X2,X3 €EX(M)....(3)

2) GT- manifold of class (GT)1 characterized by :

GV(X1, X2) Xz+ GV(X1, JX2)IX3- GV(JX1, X2) JXa+ GV(JX1, JX2) X3+IGV(X1, X2) JX3-JIGV(JX4,
X2) X3- IGV(JX1, X2) IX3+IGV(JX1, JX2) JX3; X1,X2,X3 EX(M)....(4)

3) GV-manifold of class (GV)2 characterized by :

GV(X1,X2)X3 -GV(X1,JX2) JX3+tGV(JX1,X2) JX3+ GV(JX1, JX2) X3-JGV(X1, X2) JX3-JIGV(JXq,
X2) Xzt IGV(JX1, X2) JX3-JGV(JX31, JX2) JX3;....(5)

4) GV-manifold of class (GV)3 characterized by :

GV(X1,X2)X3+GV (X1,JX2)JX3+GV(JX1,X2)JX3-GV(JX1,JX2) X3-JGV(X1,X2) JXztIGV(JX1, X2)
X3+tJGV(JX1, X2) JX3+IGV(JX1, JX2) JX3; X1,X2,X3 EX(M)....(6)

5) GV-manifold of class(GV)a characterized by :

GV(X1,X2)X3+GV (X1,JX2)JX3+GV(JX1,X2)JX3-GV (JX1,JX2) X3+JGV (X1,X2)JX3-JGV (JX4, X2)
X3- JGV(JX1, X2) JX3-JGV(JX1, JX2) JX3; X1,X2,X3 EX(M)....(7)

6) GT-manifold of class(GV)s characterized by :

GT(X1,X2)X3-GV/(X1,J7X2)JX3+GV(JX1,X2)JX3+GV(JX1,JX2) X3+IJGV(X1,X2) JXz+tIGV(JX1, X2)
X3- IGV(IX1, X2) IXs+HIGV(JX1, JX2) X3 ; X1,X2,X3 EX(M)....(8)

7) GV-manifold of class(GT)e characterized by :

GV(X1, X2) Xzt GV(Xy, X 2) JX3-GV(JX1, X2) Xzt GV(IX1, JX2) Xs+IGV(X1, X2) JXs-
JGV(JX1, X2) XstIGV (JX1, X2) IX3+IGV(JX1, JX2) JX3 ; X1,X2,X3 EX(M)....(9)

8) GV-manifold of class(GV)7 characterized by :

GV(X1,X2) X3-GV(X1, JX2) JX3- GV(JX1, X2) JX3- GV(JX1, JX2) X3z+IGV(X1, X2) Xs+IGV(JXq,
X2) Xst+ JGV(JX1, X2) JX3-JGV(JX1, JX2) JX3 ; X1,X2,X3 EX(M)....(10)

Theorem 2.5[1]

The following describes elements of the GV-manifolds' generalization conharmonic curvature in
the nearby V-structure:

GVij=Rij-1/2(n-1) [g ik r(GV) ji+gir(GV) ik-git ((GV) jk-gjk r(GV)il].

Then

1) GV apwa=0-1/2(n-1) {(S% )(-Aku+ By BX +1/2 al’g S Klg)+(8%) )(-A%* e+ B Brk+1/2
al?e S¥)- (S%) (-Aekt+ B Brik +1/2 ol S Klig)- (8%) (-A¥ak+ B3 Bk +1/2 alfg S ¥ig)}

2) GVarbew= (-A%a+ By Bra® +1/2 alp S )+ 1/2(n-1) (S%) ((A%pk+ By Brik +1/2 ol S Klyy)-
(S°%) (-A%gt+ B3 Bk +1/2 alfg S¥ig)}

3) GV a'bea = (-A¥%c+ By B +1/2 alfp S 9g)- 1/2(n-1) (S%) (-A%k+ By Bk +1/2 ol S
k]k])-i—( S%) (-A¥e+ B3 Bk +1/2 a[a[c Sk]k])}
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Theorem 2.6

Our inclusive relations are as follows:

1) (GV)o=(GV)s3

i) (GV)1=(GV)2

i) (GV)s= (GV)7

iv) (GV)s= (GV)s

Proof :we shall prove (i)

(GV)o=GT(X1,X2)X3-GV(X1,JX2)IX3-GV (JX1,X2)JX3-GV(JX1,]X2)X3-JGV (X1,X2)JX3-JGV (JX{,
X2) X3- JGV(JX1, X2) JX3+JGV(JX1, JX2) X3 ....(11)

(GT)o=GV(X1,X2)X3-GV (X1,-V(-1)TX2) (-N(- ))JX3-GV(-V(- )JX1,X2) (-V(-1))IX3-GV(-V(1)TX1,-N(-
1)IX2)Xa-(-VLWGV (X1,%2) (-V(- D)Xz (-N(-1)IGV(-V(-1)TX1,X2)X3-(-N(-1))IGV(N(-1)  TX1,X2)(-
V(-1)) Xa+(-VEDWGV(-V(-1) TX, -V(-1) IX2) (-V(-1)) JX3

(GV)o=GV(X1,X2)X3-GV(X1,JX2)JX3-GV (JX1,X2)JX3+GV (JX1,]X2) X3-JGV (X1,X2)]X3-JGV(JX{,
X2) X3- JIGV(JX1, X2) JX3+tIGV(JX1, JX2) JX3....(12)

We obtain from (11) and (12):
(GV)o=GV(X1,X2)X3-GV(JX1,]X2)X3-JGV(X1,X2) IX3+IGV(JX1, JX2) JX3 ....(13)

(GV)3=GT(X1,X2)X3+GV(X1,/X2)JX3+GV(JX1,X2)JX3-GV(JX1,]X2) X3-JGV (X1,X2) IX3+IGV(JX4,
X2) Xz+JGV(JX1, X2) IXz+IGV(JX1, JX2) JX3 ....(14)

(GV)3=GV (X1,X2)X3+GV(X1,~V(- NIX2) (-V(-1))TX3+GV (-V(-1)TX1,X2) (-V(- 1)) TX3-GV/(-(-
1)IX1,-V(-1)TX2)X3-(-N(-1))IGV (X1, X2) (-N(-1)IXa+(-V(-1))IGV (- 1)JX1,X2) Xa+(-N(-1))IGV(-N(-1)
TX1,X2)(-V(-1)) IXa+(-V(-1)IGV(-V(-1) X1, -V(-1) TX2) (-V(-1)) TX3

(GV)3=GV(X1,X2)X3-GV(X1,JX2)JX3-GV (JX1,X2)JX3-GV(JX1,]X2) X3-JGV(X1,X2)JX3-JIGV(JX1,
X2) X3- JGV(JX1, X2) JX3+IJGV(JX1, JX2) X3 ....(15)

We obtain from (14) and (15):

(GV)3=GV/(X1,X2)X3-GV(JX1, JX2)X3-JGV(X1,X2) Xz+IGV (X1, JX2) X3 ....(16)
We obtain from (13) and (16) we get (GV)o=(GV)s:

In the same way we prove:

(GV)1=(GV):2

(GV)2=(GV)7

(GV)s =(GV)s

Definition 2.7

The letters (M, J, g) stand for a class manifold in such a way that:

1) (GV)1if< GV(X1.X2)X3,Xs>= GV(X1. X2 ) JX3, JX4>;

2) (GT)2 if< GV(X1;x2)X3,X4>=< GV(JXy, JX2)X3;Xs>+< GV (JX1,X2) JX3, JXs>+< GV(JX31, X2)
Xz, JX4>;

3) (GV)z if< GV (X1, X2)X3,X4=< GV(JX3, JX2) JX3, JX4>;
Theorem 2.8

1) 0 - denote a class's structure of (GV)z3;

2) (GV)o=0and

(3) In adjoined G-structure space, the values of GV}, ;= = 0 make sense.
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Proof :

If we consider the 0-structure of class (GV)s, it is unquestionably equivalent to identity.
(GV) (X1, X2)X3)+I(GV) (JX1, JX2) JX3)=0;

By of a continuum tensor:

GV (X1,X2)X3=(GV)o(X1,X2)X3-(GV)1(X1,X 5)X3-(GV)2(Xi, X5)X3-(GV)3(X{,X5) X3-(GV)4
(Xi,X2)X 3-(GV)5(X1,X2)X3-(GV)e(X 1, X5) X3+(GV)7(X1,X2) X3

JoGV(X1,X2)X3=Jo(GV)o(JX1,J7X2)JX3+]o(GV)1(JX1,]X2)JX3+](GV)2(JX1,]X2)

X3t o(GV)3(JX1,JX2)T X3+ o(GV)a(JX1,TX2) T X3+]o(GV)5(IX 1,X2) ] X3+ o(GV)6(IX1,7X2)3+HTo(GV)7(
JX1,JX2)JX3=(GV)o(X1,X2) X3-(GV)1(X1,X2) X3-(GV)2(X1,X2) X3-(GV)3(X1,X2) X3-

(GV)a(X1,X2) X3+(GV)5(X1,X2) X3+(GV)6(X1,X2) X3-(GV)7(X1,X2) X3

These identifiers will be defined using the following:
(GV)(X1,X2)XsHI(GV)(X1,JX2)IXs+H(GV)o(X 1, X 5) X3 +HGV)s(X 1, X3) X3+HGV)s(X 1, X5)s+(G
V)s(X 1, X5) X3

With resources, an identity,(GV)(X1,X2)X3+J(GV)( JXi1, JX2) JX3=0 is comparable with it
(GV)o(X 1, X5) X3+(GV)s(X 1, X5) X3 +(GV)s(X 1, X5) X3 +HGV)s(X 1, X,5) X,

This single identity can represent multiple identities.

(GV)o=(GV)3=(GV)5=(GV)e=0

Based on characteristics (2.2), Furthermore, the given identity of adjoined V-structuer are
equivalent as relationships.

GVi.g = GV;H = GVEEJ =0

i.e. identity (GV)(X1,X2)X3=0.

Theorem2.9

Let the V-structure be represented by = (J, g =.,. >). They are interchangeable.

(1) 6 -structure of a classes(GV)2;

(2) (GV)o=(GV)7 =0;

(3) Are the following reasonable on the associated G-structure identification space: GV{.4=
GV5e=0

Theorem 2.10

Let the GT-structure be represented by = (J, g=.,. >). The same claims:

(1) 0 -structure of classes(GV) 1;

(2) (GV)o=(GV)4=(GV):=0; and

(3) Are the following reasonable on the associated G-structure identification space: GVi.4=
G?;‘Efo

Proof :

Let a class's 0-structure (GT)s. Clearly, it is synonymous with identity.

<GV(X,X,) X3,Xs>=<GV(X,, X,) JX3, JXs>, and we obtain:
<GV/(X1.X2)X3,X4>=<IGV(X1,X2) X3, JX4>=0;
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By of a continuum tensor:

1 (GV)3(X1,X2)X5=(GV)o(X1,X2) Xs+(GV)1(X1, X 5) X3 +(GT)2(X 1, X ;) X3+(GV)s(X 1, X;) X3+
(GV)a(X1,X2)X3+(GV)s(X 1, X5) X3+(GV)s(X 1, X3) X3+(GV)7(X1,X2) X3

2 J(GV)(X,X2)X3=Jo(GV)o(JX1,JX2) JX3t+Jo(GV)1(JX1,JX2)JX3+]o(GV)2(JX1,7X2)JX3

3 HI(GV)3(JX1,JX2)JX3+Io(GV)a(JX1,7X2)JX3+]o(GV)5(JX1,7X2)TX3+]o( GV)6(JX1,3)7(JX1,7X2)JX3
=(GV)o(X1,X2)Xs-(GV)1(X 1, X;5) X3-(GV)2(X 1, X5) X3
(GV)s(X 1, X;) X3+(GV)a(X 4, X;) X3-(GV)s(X 4, X ) X5-
(GV)s(X 1, X3) X3+(GV)7(X1,X2) X

Placing (1) and (2) in

(GV)(X1,X2)X3+J(GV)3(X1,X2) JX3, implies that this property is the same as that

(GV)o(X 4, X5) X3 +HGV)a+ (X, X)) X3+H(GV)7(X, X,) X5=0

Additionally, this identity is interchangeable for other names. (GV)o +(GV)4 +(GV)7=0

Accordingly, the given identity in space of the adjoined V-structure are the same as

a _ a _ a _
thcd - th&d - GHEEE =0.
Theorem 2.11

Assume 6 = (J, g=<.,.>)is a V-structure, then the following class inclusion.
(GV)1 < (GV)2 < (GV)3 are rational.
Proof :

Let's (GV): is a kind of 0-structure. It is equivalent to (GV)o = (GV)4 = (GV) = 0 according to
theory (2.10). Classes (GV)o = (GV)7 = 0is the same as class (GV)2 due to theorem (2.9). Then
(GV)1 < (GV)2.Also, class (GT)s is equivalent to class (GV)o. As indicated in theorem (2.7), we
obtain: (GV)1 c (GV)2 < (GV)a.

Result and Discussion

The study of generalized conharmonic curvature tensor in Viesman-Grey manifolds provides a
deeper understanding of the geometric structures within the framework of differential geometry.
The research presents a classification of these manifolds based on their curvature tensor
properties, offering new insights into the mathematical foundation of these structures. The results
emphasize the interdependence between different classes of Viesman-Grey manifolds, providing a
more refined classification system that builds upon previous studies in the field. This
classification framework enhances the theoretical knowledge of Riemannian geometry and
contributes to a more profound understanding of nearly Hermitian manifolds and their variations.

One of the significant findings of this study is the formulation of key equations that define the
relationship between the components of generalized conharmonic tensors. These equations
provide a systematic way to analyze the structural characteristics of Viesman-Grey manifolds and
their geometric behaviors. The study demonstrates that the conharmonic curvature tensor plays a
fundamental role in describing the intrinsic and extrinsic properties of these manifolds. Moreover,
by refining these mathematical formulations, the research offers a robust framework that can be
used for further exploration in tensor analysis and differential geometric modeling.

Theoretical and Practical Implications

The theoretical contributions of this study lie in its advancement of geometric tensor analysis,
particularly in the context of generalized conharmonic tensors. The research extends previous
work on nearly Hermitian manifolds and introduces a more detailed examination of curvature
tensors within the Viesman-Grey manifold classification. The results provide valuable insights for
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researchers working in mathematical physics, geometric topology, and tensor calculus, as they
establish a refined basis for analyzing curvature tensors in different mathematical contexts.

From a practical perspective, the findings have implications in applied mathematics and
theoretical physics, particularly in cosmology, relativity, and geometric mechanics. The
refinement of curvature tensor classifications may contribute to the study of spacetime structures,
allowing for a better understanding of how curvature affects gravitational dynamics in higher-
dimensional models. Moreover, applications in computational geometry and machine learning can
benefit from the enhanced understanding of tensor relationships, particularly in areas such as
image recognition, shape analysis, and topological data processing.

Addressing the Knowledge Gap

Despite the extensive research on conharmonic curvature tensors and their applications,
significant knowledge gaps remain in the classification and practical application of Viesman-Grey
manifolds. This study addresses some of these gaps by providing a more detailed and systematic
classification of generalized conharmonic tensors. However, further research is needed to explore
the physical applications of these tensors in advanced geometric and mathematical physics
models.

A crucial gap in the literature is the lack of higher-dimensional generalizations of the findings
presented in this study. While the research provides a strong mathematical foundation, the
applicability of Viesman-Grey manifolds in higher-dimensional spaces remains underexplored.
Additionally, the interaction between conharmonic tensors and other curvature tensors in
generalized Riemannian and Kahler manifolds requires further investigation to fully understand
their mathematical significance.

Further Research Directions

Given the theoretical and practical importance of the findings, future research should focus on
several key areas:

Higher-Dimensional Generalizations — Extending the classifications of generalized conharmonic
curvature tensors to higher-dimensional Viesman-Grey manifolds and analyzing their geometric
properties in more complex spaces.

Application in Mathematical Physics — Investigating the role of Viesman-Grey manifolds in
general relativity and quantum field theory, particularly in the context of spacetime curvature and
black hole dynamics.

Computational and Algorithmic Approaches — Developing numerical and computational models
based on the proposed classifications to facilitate the application of tensor analysis in data science,
artificial intelligence, and computational geometry.

Interdisciplinary Applications — Exploring the relevance of curvature tensors in other disciplines,
such as biomechanics, structural engineering, and complex systems modeling, where geometric
and topological properties play a critical role.

Comparative Studies — Conducting comparative analyses between Viesman-Grey manifolds and
other generalized manifolds to understand the uniqueness of their curvature properties and
potential interdisciplinary applications.

Conclusion

This research contributes to the ongoing exploration of differential geometry by introducing a
systematic classification of generalized conharmonic curvature tensors in Viesman-Grey
manifolds. The results provide a strong mathematical foundation that enhances the understanding
of these structures while offering potential applications in physics, engineering, and computational
modeling. Future studies should focus on higher-dimensional generalizations, interdisciplinary
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applications, and numerical implementations to further extend the impact of curvature tensor
analysis in both theoretical and applied contexts.

Conclusion

This study provides a comprehensive analysis of the generalized conharmonic curvature tensor
within Viesman-Grey manifolds, offering new classifications and mathematical formulations that
enhance the understanding of their structural properties. The findings highlight the interrelations
between different classes of Viesman-Grey manifolds, establishing critical equations that
characterize their geometric nature. Additionally, the study demonstrates how conharmonic
curvature tensor properties influence the broader framework of differential geometry, particularly
in relation to nearly Hermitian manifolds. These results have significant implications for
advancing the theoretical foundation of Riemannian geometry, contributing to the refinement of
curvature tensor analysis in geometric structures. The insights gained from this study may further
aid in mathematical physics applications and computational modeling of manifold-based systems.
Future research should focus on extending these classifications to higher-dimensional manifolds,
exploring their implications in complex differential geometry, and investigating potential
applications in mathematical physics and theoretical cosmology to deepen the understanding of
curvature dynamics in advanced geometric spaces.
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