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Abstract: The theory of motion stability studies the influence of disturbing factors on the
motion of a material system. Undertakers are forces that are not taken into account when
describing motion, because they are small compared to the main forces. These irritating forces are
usually unknown. They can act instantaneously, which leads to a small change in the initial state
of the material system, i.e., the initial values of coordinates and velocities.
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INTRODUCTION

The task of the theory of motion stability is to establish signs that allow us to judge
whether the considered motion will be stable or unstable. Since in reality irritating factors always
inevitably exist, it becomes clear that the problem of the stability of motion acquires a very
important theoretical and practical significance.

Mathematical modeling of processes and phenomena in living and non-living nature
always presupposes their classification according to their complexity. Many processes and
phenomena are modeled by large-scale systems (LSS), which consist of separate subsystems,
united by the functions of connections. In many cases, LSS is characterized by certain features
described by A.I.Kukhtenko.

These include: multidimensionality; the diversity of system structure (network,
hierarchical structures, etc.);

the multi-connectedness of system elements (interconnection of subsystems at one level
and communication at different levels of the hierarchy);

the diversity of the nature of elements (machines, automata, robots, etc.);

the multiplicity of changes in the composition and state of the system (variability of the

structure, connections and composition of the system);
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the multi-criteriality of local criteria and the global criterion for the subsystem Systems

with such properties in most practically important cases are difficult to study the dynamic

properties of their solutions.

For example, the study of the stability of solutions using the Lyapunov function method
can be effectively carried out if there is an algorithm for constructing the Lyapunov function
system with special properties. A number of research directions relate to the simplification of the
original system, so that the property of stability (instability) is established not directly, but by

studying the intermediate system.

Lyapunov's vector functions were most commonly used in studying the stability of LSS. It
is known that for these systems, it is difficult to use classical analytical and qualitative methods
for studying the dynamic properties of solutions. One of the possible approaches to the analysis
of KMS is the decomposition of the original system into relatively simple subsystems, taking into
account the structural features of the complex system. Lyapunov scalar functions are constructed
for subsystems of a decomposed complex system, which in turn are components of the

Lyapunov vector function.

Methodology: The construction of a scalar function based on a matrix function was
proposed and developed in the works [8-13,16,17,18]. In this method, a scalar function is
obtained by scalar multiplication of the matrix function by some constant vector to the right and
left.

Modern automatic control systems are, in most cases, very complex electromechanical
devices, consisting of a control object and a regulator. The purpose of the regulator is to
continuously maintain some fixed or changing state in the regulating object according to a given
law. Despite the efforts of many specialists in the study of dynamic properties, including
stability, KMS, in most practically important cases, a number of difficulties arise. Therefore,

development remains a pressing issue
a) analysis of the structure of large-scale systems,

b) obtaining the stability (asymptotic stability) and instability of the equilibrium state of
large-scale systems.

To study the stability of KMS, we first introduced the concept of generalized matrix
transposition and, with the help of this concept, investigated the structure of the system. Then,
using the Lyapunov matrix-functions method, a sufficient condition for the stability of the

equilibrium state of the linear KMS was obtained.

The work introduces the concept of generalized matrix transposition and based on this
concept, various types of symmetric matrices are studied. An analysis of the structure of linear

large-scale systems with different symmetry matrices was conducted.

1. Generalized transposition of matrices. It is known that the concept of matrix is widely
used in the theory of differential equations, including in the theory of motion stability. Therefore,
different concepts related to matrices are essential. [2, 4, 6, 7, 14, 15]

The abstract concept of the "structure" of the system [18] allowed for the formation of the
concept of cohesive stability [3], which plays a significant role in the theory of KMS stability. The
concept of generalized transposition and the study of the properties of matrices subjected to

generalized transposition allow us to develop the theory of the stability of linear CMEs based on
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new forms of decomposition of the original system depending on its internal structure. The

presented results illustrate the possibilities of this approach.

Results: This chapter describes the concept of generalized matrix transposition, matrix
transposition with respect to the main (non-main) diagonal, vertical (horizontal) axis of
symmetry and the center of the matrix. 13 properties of transposed matrices have been proven.
The geometric and mechanical meaning of matrix transposition is discussed. The concepts of
symmetric, oblique-symmetric and orthogonal matrices with respect to the main (non-main)
diagonal, the vertical (horizontal) axis of symmetry and the center of the matrix, as well as some
properties of such matrices are described. The decompositions of linear large-scale systems are
considered in the case where the corresponding matrix is symmetric (clososymmetric) with
respect to the main (non-main) diagonal, the vertical (horizontal) axis of symmetry and the center

of the matrix.

Definition 1. The transposition of an arbitrary matrix A is called the transposition of its

elements according to certain laws or rules.
Let's consider a right-angle matrix A=(g;) size mxn, (m<n).
The following are the elementary permutations of the arbitrary matrix elements:
1) repositioning the rows (columns) with the columns (rows) of the matrix in direct order;
2) rearranging the rows (columns) with the columns (rows) of the matrix in reverse order;
3) replacement of the i-th row with (m+1-i) -th rows, i=1,2,..,m;
4) permutation of the j-th column with (n+1-j) -th column, j=1,2,...n;
5) the replacement of the i-th row with (m+1-i) -stars and the j-th column with (n+1-j) -
stars, i=1,2,...,m; j=1,2,...n.
Now let's formulate the definition of elementary transpositions of A matrix.

Definition 2. Matrix transposed with respect to: A=[g;], (i=1,2,..m, j=12,...,n)

1) the main diagonal (which we denote as AT = (aji), j=12,..,n, 1=12,...,m,),if it

is obtained by replacing the rows (columns) of matrix A with columns (rows) in the

correct order;

2) non-major diagonal A" =(a,,; m.i) j=12,..n,i1=12,..,m, if it is obtained by

replacing the rows (columns) with the columns (rows) of the A matrix in reverse order;

3) ocu of the horizontal axis A” =(a ), i=12,...,m, j=12,...,n, if it is obtained

m-+1-i, j

by replacing the i-th row with the m+1-i -th rows of the A matrix;

4) of the vertical axis A =@, ) 1=12,.m, j=12,..,n, if it is obtained by

replacing the j-th column with n+1-j-th columns of the A matrix;

5) center A’ = @nirina ) 1=42,..,m, j=12,..,n, if it is obtained by replacing the
i-th row with m+1-i-th rows and the j-th column with n+1-j columns of the A matrix.
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It is not difficult to verify the correctness of the following properties for the given

transposed matrices by direct verification:
1. 1.If A and B are rectangular matrices of measure, then
(A+B)" =A"+B", (A+B)‘'=A'+B*, (A+B)=A+B,
(A+B) =A +B", (A+B)’=A"+B°
Indeed, let A=(g;), B=(b),

A+B=(c;)=(a; +b;), i=1Lm, j=1Ln
Then we get that
(A+B)" = (Cij ) = (Cji) = (aji +bji) = (aji) +(bji) = (aij )+ (bij ) =A"+B';
(A+ B)L = (Cij )L = (Cn+1—j,m+l—i) = (an+1—j,m+l—i + bn+l—j,m+l—i) = (an+l—j,m+l—i) + (bn+l—j,m+l—i) =
() +(b) =A"+B";
(A+ B)_ = (Cij)_ = (Cn+l—j,i) = (a'n+1—j,i +bn+l—j,i) = (a‘n+l—j,i) + (bn+1—j,i) = (aij)_ + (bij)_ =A + B_,
(A+B) = (Cij)l =(Cima ) =@ B ) =@ ) B ) = (aij)l + (bij)l = A +B;
(A+ B)O = (Cij )0 = (Cm+1—i,n+1—j) = (am+1—i,n+1—j + bm+l—i,n+1—j) = (am+l—i,n+l—j )+ (bm+l—i,n+l—j) =
(aij)o +(b|j)0 = A’+B°;
2. If matrix A is a rectangular matrix of real number size mxn, o # 0, than
(@A) =aA", (@A) =aA", (aA)' =ahA, (aA) =aA, (aA)°=ah’.
Let A= (aij), 1=12,...m, j=12,..n, a#0eR, we get the following:
(aA)T = (aaij )T = (aaji) = a(aji) =aA’
(@A) =(aa;) =(ca )=a(a )=aA*

n+1—j,m+1—i n+1-j,m+1—i

(aP) =(agq;) =(aa )=a(a )=aA

m-+1-i, j m-+1-i, j

(@A) = (aay) = (a8 p1 ) = (@0 ) = aA

(@A)’ =(a8y)° = (a8 0 ) = @(@nisine ) = A’

3. If matrix A is a rectangular matrix of real number size mxn, than
(A =A (A=A (A)=A (A) =A (A)°=A

Let A=(a;), 1=12,...m, j=12,...,n we get the following:

(AN =((&)")" =(a;)" =(a;)=A

(A =((@)") =@ jmai) = @ manma e ) = @) = A
(A7) =((3) ) =) =@ragman) =@) =A

(A) =((@)) = (@) = @) = @)= A

(A")" =((3)")" = @nrina ;) = @t o nne ) = @) = A

4. If A and B are rectangular size matrices mxn u nxKk, than
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(AB)T — BTAT, (AB)J_ — BJ_AJ_, (AB)O — AOBO.

Let
A=(aij), 1=12,..m, j=12,..n; B=(,), i=12,..,n 1=12,..k.

Than we have AB=(c,;),i=12,..m,1=12,...,Kk

here (C,) = Zau ; and we get the following equations:
(AB)" =(c;)" =(c;) [Z , ,.j (b;)(a;)=B"AT,
(AB)" = ()" = (Ceoimai) = (jzn_:,bk+l_l, i@ j = (B11,1)(@) mia ) =BTA",
(AB)” =(c;) = (Cpypia) = (Z;, Y ] =AB, A=),
(AB) =(c;)' = (Ciyeai) = (Z b |j= AB.,  B'=(bj..),

(AB)” = ()" = (Cpa i) = [Zamﬂ 1,10 k1 .] (@10, (0;.00) = A’B°,

5. If A is an n-square matrix, then
(AT) = (A) =A%, (A) =(A) =A°, (A) =(A")° =A",
(A)" =(A")° = AT, (A) =(A) = A", (A) =(A)"=A

Indeed,

()" = (@) = (@) =@y pn ) = A%

(A" =(@))" =@ jnai) = @i ) = A

(A) =(@)) = @) = @) = A%

(A7) =((3)) = (@ p ) = @raineny) = A

(A°)" =((3;)°)" = (@prini )" =(@ns i) =AY

(AN =((@)")° = (@;)" = (@ jpas) = A

(A) =()")" = @ina ) = @ra g prsaeriy) = (@) = AT

(A =((@)")° = @t i) = @oon ot et ) = (@) = AT

(A) = (@)") = @nusinn ) = @i i) = @i ) = A

(A)° = ((8))° = (@ 01)° = @ronciper o) = (@i ) = A

(A") =((3)") = @rainn ) = @i ) = @) = A

(A7)’ =(() )" = (@11 )" = @rrraipnia ) = @) = Al

6. If A is an n-square matrix, then
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A=(A)(ATA) =(A) H(ATAT) = (ATAT)(A)) T = (ATAT)(A) .
Indeed,
() (AT ALY = () (A (AT) = (A)) A A= A
(R)(AAT) = (A H(AT) (A = (A°) T APA= A
(ATATYT(A) = (ATYT (ALY (A) S = ARO(A) = A
(ATAT) (A°) T =(A) (A ()T =AR(A") " = A
7. If A is an n-square matrix, then
(AT = || =[] = [AL - [A]=[A =7 A,
here a - the number of columns or rows of a matrix A that are moved to obtain from A a matrix
A or 4.
The validity of these equations follows from the definition 1, the definition 2 and the
properties of the determinant.
8. If A is a square matrix, then the following equalities hold:
1) EA=E A=A, 2) AE'=AE =A, 3) EAE'=E AE =A",
4) ATE'=A, EA"=A", 5) A'E'=A", EA" =A,
6) AE'=A", EA =A T7) AE'=A

where E is the identity matrix

In fact, let E be an n-th order unit matrix and

A=), (i.j=12..n),

then we have

00..01\a, &, .. &, a, a, .. 4
00.. 101}a, a,..

QD

E'A= 2n | gy g e &

10..0 0J)la, &, .. a, a, a, . a,
Similarly, the validity of the remaining equalities is checked.
9. If A is an odd square matrix of order n, then
(AT =(A)", (A =AY, (A =(A) (A =(A)7, (AT’ =(A)".
Indeed, let A=(,), i,j=12,...n, then A™ :ﬁ(Aﬁ),

here A, - algebraic additions to an element a;, |A|=det A
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Ty-1_ Ty-1 _ _ _i T= -1\T.
(A =((a)") " =(a;) " ‘AT‘(AJ) ||(A,-)—|A|( A [|A|(A,)J (A

(Al)il = ((aij)l)il = (an+1—j,n+l—i)7 ‘ (A1+1 i,n+1— ,) | | (Aji)L = [|A| (AJ.)] ( l)l;

\AL
-1 _ -1 _ - — | — [
(A) _((aij)) _(ai,n+l—j) ‘A|‘(A1+l ]I) ( 1)0,|A|(A ) _(( 1) |A|( jl)J (A )
Nt vyt L1 _ 1 (1 Ay
(A ) - ((aij) ) - (an+1—i,j) - ‘A,‘ (Aj,n+l—i) - (—l)a|A| (Aji) (—1)a|A| Aji J (A ) ’
0y-1 0y-1 -1 1 0 1 ’ —1,0
(A) :((aij) ) =(a N+1-i,n+1-j ) ‘Ao‘(AYH—l—er-l—' |A| (Aji) = W(Aji)j =(A7)".

10. If A is an n-th order quadratic matrix, E is an n-th order unit matrix, and A isa

parameter, then
|A” — AE|=|A" - AE| = |A° - AE| =|A- AE|.
The validity of these equalities follows from the properties of 1, 2, 7, and
E=E"=E'=E°.
11. Sp(A") = Sp(A*) = Sp(A°) = Sp(A), here Sp - trace matrix.

Indeed, when transposing across the main diagonal and the non-main diagonal and

relative to the center of the matrix, all the elements of the main diagonal remain on the same

diagonal.
12. rang(A") = rang(A") =rang(A') =rang(A™) = rang(A°) = rang(A),
here rang(A) - matrix rank A.

The validity of these equations follows from the property 9 and the definition of the rank

of the matrix.

13. Let A be a square matrix, Ai,AiT,Ail, Aio (Z.,Z.T,Z.l,g.o),(l =1,2,..,n)— the main

minor (corresponding to them additional minor) of the matrix A, AT, A", A°, respectively.
Then the following equations are true:
D) A=A, i=12..,0-1 A =A% =|A|=|A",
2) A=A, i=12,..,n-1,
3) A=A, i=12..n A =A] =|A=|AT],

4 A=Avi, i=12..0-1 A =AL=|A=|AY.

The validity of these equations follows from the definition of matrix transposition, the

properties of 7, 9 and the properties of the determinant.

Example 1. Let A be a matrix of the form
A=(y), 1=123, j=1234.
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Then we have

8, a3 ap a 8y 83 8y Ay 83 8y 8y 8y
A= Ay Q3 Gy 8y | A7 | o1 By 3 Ay | A = Ry | 3y Ay |
8y 8y 8yp Gy 7 _ a, a?iZZ aﬂSZ ,3 aA4L - 83, B aﬁis . a, o
&3 Ay g 8p 8y dp
q, 8y ay 8y Ay A

2. The geometric and mechanical meaning of matrix transposition.

It is known that each rectangular matrix can be compared to some rectangle, which

contains all the elements of the matrix under consideration.

The major (non-major) diagonal of matrix A is a segment of the line passing through

points containing elements a;, i=12,...m (& ., ;,1=12,..,m).

The vertical (horizontal) axis of a matrix A is called the vertical (horizontal) axis of
symmetry of a rectangle.

The center of a matrix is called the center of symmetry of a rectangle. Note that the
principal (non-main) diagonal of the matrix A does not coincide with the diagonal of the
rectangle. Therefore, when transposing, the size of the matrix changes to nxm.

If m = n, then the main (hon-main) diagonal of the matrix A coincides with the left (right)
diagonal of the square.

Thus, from a geometric point of view, matrix transposition is performed relative to a
point or a line. If the point (a line) is the center (axis) of symmetry of the rectangle in which the
matrix lies, then the dimension of the transposed matrix does not change.

The elements of the matrix located in the point or on the line with respect to which the
transposition is performed remain unchanged. A transposed matrix corresponds to a rectangle

rotated 1800 around a point or a line relative to which transposition is performed.

Example 2. Let A be a matrix of the form. A= (aij ), i,j=12,3.

Than we have

a; Ay ay Ay 8y 8y 3 &y a4y
A" = a, 8» 8y | A= Ay &y Ay | A= 8y Ay Gy |
Q3 8y Ay Q3 &p ay Ay Q3
83 8y 85 83 8y 8y
A =lay a, ay | A = 8y &y Ay |-
8, ap ay 83 8y, 8y

Note that element a,, retains its position for all transpositions, moreover, when
transposed relative to the main (non-main) diagonal, elements a,,,8,; (&,,8,;,) relative to the

horizontal (vertical) axis of symmetry remain unchanged, and when transposed relative to the
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center of the matrix, all elements a,,,8,; (&,,,8,,) of the A matrix, except a,,, change with the

corresponding elements.

To reveal the connection between the generalized transposition of matrices and the

structure of the linear LSS, we will establish the following correspondences:
Let A = (&;) be a rectangular matrix of dimension mxn (for m<n certainty) and LSS in R"

consists of m free subsistence. Free subsistences correspond to the elements of the main diagonal

of the matrix &, (i=12,...,m) in such a way that the subsistence corresponding to the element

a;, (i=12,..,m) is balanced with the subsistence corresponding to the element a__, In

i,m+1-i *
this case, the a;, (i,j=12,...,m, i< j(i> ])) elements correspond to the connections (reverse

connections) between the free subsystems g; and a, (i, j =1,2,..,m), i.e.,, we have the influence

i
of the subsystem &; (a;;) on the subsystem corresponding to a; (g;) . We will call these bonds
the internal bonds of LSS. The remaining elements a, (i1=12,..m, j=m+1..n) ie., the

elements, correspond to the connections of the free subsystems with other subsystems, which act
together with the given LSS. We will call these connections external connections. All connections
are internal.

It should be noted that for such a consistency of elements in the non-main diagonal, the
balancing subsistence connections correspond. If m is even, then for each free subsystem there

exists a balancing subsystem. If m is odd, then one subsystem corresponding to element a_, .,

2" 2
does not have a balancing subsystem. Therefore, we will call this subsystem the reference one
and consider it separately (for example, in a large-scale energy system, one machine is usually

considered as the reference one).

Therefore, the transposition process describes the change in the internal structure of the
LSS

From a geometric point of view, the meaning of this definition is that the rotation of the

corresponding rectangle by 180 occurs around a line passing through:
1) the principal diagonal of the matrix A;
2) non-major diagonal of matrix A;
3) the horizontal axis of the matrix A;
4) the vertical axis of the matrix A;
5) the center of the matrix A
accordingly.
Applied to CMC, the meaning of generalized transposition lies in adequately describing

the internal structure of CMC under certain physical changes. At the same time, the structure of

CMC can be changed in such a way that:

- without changing free subsystems, only connections between free subsystems with

corresponding feedback are transformed;

- without changing the connections, the feedback between the balanced pairs of free

subsistences is transformed, or the balancing subsistences are transformed between themselves

Quest: Journal of Geometry, Mathematical and Quantum Physics 9
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and the connections (reverse connections), except for the connections (reverse connections)

between the balancing subsistence pairs;

— free subsystems with feedback and connections corresponding to pairs of balancing free

subsystems are transformed in reverse order;

— free subsystems with connections and feedback between the corresponding pairs of

balancing free subsystems are transformed in direct order;

- the corresponding balancing free pairs of subsystems are completely transformed
between themselves and their connections with feedback, except for the reference subsystem (if

there is one).
Conclusion.

If n (m) is odd, then when transposing relative to the vertical (horizontal) axis, the
reference subsystem does not change, and accordingly, the vertical (horizontal) connections
associated with these subsystems do not change. If n (m) is even, then such a subsystem does not

exist.

2. If n and m are odd, then when transposing the A matrix relative to the center in the
KMS structure, only the reference subsystem does not change. If m or n are even, then such a

subsystem does not exist.
3. Structures of KMS and properties of the symmetric matrix.

Consider the square nxn matrix
A= (a,.j), i,j=12,..,n,
describing some linear large-scale system.

Definition 3. An A matrix is called generalized symmetric if for each of its elements there
exists an element that is symmetric with respect to some point or elements of this matrix on a

line.

The elements of a matrix lying at this point or on a line are considered to be symmetrical

to themselves.
Next, we will describe all types of symmetric matrices.
Let A be a square matrix, then:

— the left (right) diagonal of the square is called the main (non-main) diagonal of the

matrix A;

— the vertical (horizontal) axis of symmetry of the square is called the vertical (horizontal)
axis of the matrix A respectively;

- the center of symmetry of the square is called the center of the matrix A.

Definition 4. The square nxn matrix A is called symmetric with respect to:

- the main diagonal, if AT = A Te. a; =3;;, I, ]=12,...,n, (ordinary symmetric matrix);
—non-major diagonal, if A=A, Te. & =a,, ;o 1 =142...,N;
— the vertical axis, if A'= A, T.e. & =3, i,j=12,..,n;
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- the horizontal axis, if A" =A, Te. &; =a,,,;,,1,]=12,..,n;
— matrix center, if A’ = A, T.e. & =1 i i,j=12,..,n.

Note that the main and non-main diagonals contain the elements of the matrix A, and the
vertical and horizontal axes contain the elements of the matrix A for even n, and the elements of
the matrix A for odd n. In the center of the matrix, for even n, there is no, and for odd n, there is

an element &, ;-

272
Definition 5. KMS in R", consisting of n free subsystems, is called symmetric with
respect to:

— free subsystems, if the corresponding connections and feedback are the same;

- connections and feedback between the balancing pairs of free subsystems, if the
balancing subsystems are the same between themselves and the connections, except for the

connections between the balancing subsystems, with corresponding feedback;

— KMS center, if the balancing subsystems with their pairs and all connections with

corresponding feedback are identical.

Example 3. Many oscillatory systems are systems of two or more connected oscillators.
[1,3] Examples include molecules (atoms interacting with each other), pendulums oscillating
around the same axis (they are connected by elastic forces in the axis), and connected electrical
circuits. The characteristics of oscillations in such systems will be considered on the example of

two mathematical or physical pendulums connected by a spring (Fig. 1).

k |h

m v¥m

Figure 1. Two pendulums connected by a spring.

It is known that a spherical pendulum has two degrees of freedom, that is, to describe its
motion, two parameters are required - displacement angles in two mutually perpendicular

planes.

A system of two pendulums is described by four parameters and thus has four degrees of
freedom. If the oscillations corresponding to each degree of freedom are independent, then the
problem of describing motion is purely kinematic, i.e. the problem of decomposing a complex
motion into a sum of simpler motions. If there is a dynamic relationship between the movements
of different degrees of freedom, in which excitation of one degree of freedom causes dynamic
changes in all other degrees of freedom, then this leads to the exchange of vibrational energy
between degrees of freedom, leading to new physical phenomena that are absent in the system of
independent pendulums.
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It is known that for a free fluid the equation of moments is

Ja=mglsina, (1)
where J is the moment of inertia of the pendulum, m,| is its mass and length respectively, « is
the angle of deviation from the equilibrium position.

In the case of two pendulums connected by a spring (Fig. 1), an additional force from

spring F., will be applied to each pendulum, which with small deviations can be determined
from Hooke's law

F., =Kl (o, -a,), (2)
where |;-is the distance from the spring attachment point to the spring attachment point. This

force creates an additional moment acting on each of the pendulums. In this case, the equations

of motion of the pendulums will have the form:

ml?¢, =-mglsing, + F |, cosa,

: / (3)
ml?¢, =—mglsina, + F |, cosa,
where J =ml?. Linearizing the system (1.3) and taking into account (1.2) we get
2 2
.. g ki Kl
g =—|>+—=% o, +—L«
' (l mi? )™ ml? "
a, = kllza g+kI12 a’
om0 miP )
- s » g ki
where «,,a,- deviation of the pendulum from the equilibrium position, @, =T+7-
m

2
eigenfrequencies of the pendulum (particle frequencies) u = ﬁ - the coefficients that determine
m

the magnitude of the connection between the pendulums.
By replacing variables a; =X, &, = X,, a, =X, a, =X, The system (4) is reduced to the

following equations:

X1:X2’
Xy ==X + [ Xy, 5)
Xg ==X, + X,
X4=X3,
or in matrix form
X = AX, (6)
where X' = (X, %y, X;,X,) .
0O 1 0 O
A| 0 0 wu
u 0 0 -
0O 01 O
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Thus, for the case under consideration, the system (5) corresponds to an A matrix

symmetrical to the center of the matrix.

The decomposition of the system (6) relative to the horizontal and vertical axes of

(0 1) (00 4 0y (0 —a,
o, 070 4 0 0 (1 o

where y' =(X,X,), Z' =(X;,%,), X' =(y", 2'), shows that the equations correspond to the free

. 0 1 . 0 -, N0
y:(—wo OJy:Aly' Z:(l sz_AlZ'

It is not difficult to verify that the equilibrium state of system (6) is stable (but not

symmetry

subsystems

asymptotically) under the condition
K| <—5.
K<

The following statements about the properties of a symmetric matrix are valid:

1. Matrix A, symmetrical with respect to the main and non-main matrix the diagonal is

symmetrical to the center,

In fact, let the n th order quadratic matrix A=(a1.j), I,J=12,..,n be symmetric with

respect to the principal and non-core  diagonal, ie. A'=A=A" or
& =a;; & =&, i I,j=12,...,n.. It follows from this that & =@,y jnai OF
& =i

Therefore we have
0
A= (aij) = (aji) = (an+1—j,n+1—i) = (an+l—i,n+1—j) =A"
Based on the definition (4), the matrix A is symmetric about the center of the matrix.

1. A matrix, symmetric with respect to the vertical and is symmetrical to the center of the

matrix.
Indeed, letitbe A" =A=A| ie. a;=2a,,,;and & =a ., ;, I,]=12,..,n. It follows
that
Qi j =R OF & =840
therefore A=(a;)=(a,,1:;) =1 ;) =@rinaj)= A°, ie. based on the 1-4 definition, matrix
A is symmetric with respect to the center of the matrix.

1. A matrix that is symmetric with respect to a vertical axis is a special matrix.

Indeed, if A is symmetric with respect to the vertical (horizontal) axis, then, based on the
definition (4), &; =8, ,,, ; (& =@, ;). From this it follows that the j and n+1- j columns (i

and N+1—i rows) of the matrix have the same elements. It is known that the determinant of

such a matrix is zero and therefore A is a special matrix.

2. For each quadratic matrix A a matrix
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sl=%(A+AT), SZ:%(A+AL), S3:%(A+A'), S4=%(A+A‘), SS=%(A+A°),

are symmetric with respect to the main diagonal, the non-main diagonal, the vertical axis, the

horizontal axis, and the center of the matrix, respectively.

Indeed, based on the properties 1, 3, we have

S :%(A+ ATY :%(AT +A):%(A+ AT)=S,

S, =1(A+ AN :E(AL+A) =1(A+ AN =S,,
2 2 2
Sl :%(A+ A)! :%(A'+A):%(A+ A)=S,,

S, :%(A+ A) :%(A_+A):%(A+ A)=S,,

S? =%(A+ A%)° =%(A°+A)=%(A+ A%)=S,.

5. If A is a symmetric matrix with respect to the main (non-main) diagonal, the center of
the matrix, then the matrices

A(i=12,..), aA TTAT, T*AT,
which are also symmetric matrices with respect to the main

(non-main) diagonal, the center of the matrix respectively, where T is an arbitrary non-specific

square matrix, « is a real number,
Indeed, if
a) AT=A, then

(A =(A")' =A, (i=12..), (@A) =aA" =aA, (TTAT) =(AT)'(T")" =T'A'T =TT AT;
6) A" =4, then

(A =AY =A', (i=12,.), (aA'=aA" =aA (T AT)" =(AT) (TH)* =TA'T =T AT;
6) A’ =A,then (A)°=(A")' =A", (i=12..), (@A)’ =a”A’=aA

1. If the non-singular square matrix A is symmetric with respect to the main (non-main)

diagonal and the center of the matrix, then A™ is also symmetric with respect to the main
(non-main) diagonal and the center of the matrix, respectively.

Indeed, based on the properties of 9, if we have
a) A=A 10 (A =(A)"'=A", 6) 4"=4, To (A =(AH)'=A",
6) A°=4, o (A’ =(A")"'=A"
2. If the square matrices A and B are symmetric with respect to the center of the matrix, then
the matrices AB and BA are also symmetric with respect to the center of the matrix.

Indeed, if A=A’ and B=B’, then, based on the last equality of the 4 properties, we
have

(AB)’ = A°B® = AB, (BA)® =B°A’ =BA.
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3. If the n-th quadratic matrix A is symmetric with respect to the center of the matrix and

A;, 1=1,2,...,n the principal minor of the matrix A, and the minor of Ai the corresponding
additional minor of the matrix A, then
A =Ani, i=12,..,n-1.

Proof. Let n-order quadratic matrix A, symmetrical to the center of the matrix, have the

form
A=(@ ) =8 ey K 1=1200. )
Let's consider matrices
A=@ ;) kj=12..,i, 1<i<n (8)
A= (@nigna ) K I=11-1i-2,..,1 1<i<n. )

From (7) it follows that |A | = ‘A*‘ . This can be confirmed by direct verification.

For example, at i=1 A=(a,), A=(@,), based on (7) a,=a,, at
a'n— n- an— n
io Azz[an au} A;:[ 11 1,}
a21 a22 a'n,n—l ann
from (7), it follows that A, = A?, therefore |A2| = ‘A; ‘ . Since for all i < ‘:2:| on the basis of (7) we

have A" = AO and for i > |:2:| starting from the last row (column) of the matrix A coincides in

reverse order with the first rows (columns) of the matrix A’ and finally for i =n the matrices A

and A’ coincide. The A matrices correspond to the major minor of the A matrix, i.e.
A = |A| =A

From (8) it follows that the additional minor Ai of the matrix A corresponds to the matrix

A=, )kij=12..,n-i.

, 1=12,..,n where A =A.

i+k,i+ ]
It follows that

Ani =(a K,j=12,..i. (10)

n—i+k,n—i+j)1
Comparing (9) and (10), we get
Rn—i = A{k .

So, A, =|A|= Avi|=Ani.

A

4. If the square matrix A is symmetric with respect to the center of the matrix, then the

conditions
Ai>0,i=12..,n-1 A, =|A>0 , (11)

necessary and sufficient for the positive determination of the A matrix. For the negative

determination of the A matrix, the conditions (11) take the form

(-1)'Ai >0, i=12,..,n-1, (-)"A, =(-1)"|A >0, (12)
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if niseven,

(-D)'7Ai >0, i=12,...,n-1 (-)"A, =(-1)"|A>0,
if n is odd.

Proof. Let n-order quadratic matrix A be symmetric with respect to the center of the

matrix.
Necessity. If the matrix A is positive-determined, then based on the Sylvester criterion

A>0,1=12,..,n-1L A = |A| >0 and then based on the statement 8 we have
A =Ani>0, i=12,..,n-1.
Discussion: It is known that if i takes the values of 1,2,...,n—1, then n—i also takes these
values in the opposite order, so it follows from A; = An-i >0 that A= Ai >0,
Sufficiency. Based on